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SMALL COVERS AND THE EQUIVARIANT BORDISM
CLASSIFICATION OF 2-TORUS MANIFOLDS
ZHI LU¨ AND QIANGBO TAN
Abstract. Associated with the Davis–Januszkiewicz theory of small covers,
this paper deals with the theory of 2-torus manifolds from the viewpoint of
equivariant bordism. We define a differential operator on the “dual” algebra
of the unoriented Gn-representation algebra introduced by Conner and Floyd,
where Gn = (Z2)n. With the help of Gn-colored graphs (or mod 2 GKM
graphs), we may use this differential operator to give a very simple descrip-
tion of tom Dieck–Kosniowski–Stong localization theorem in the setting of
2-torus manifolds. We then apply this to study the Gn-equivariant unoriented
bordism classification of n-dimensional 2-torus manifolds. We show that the
Gn-equivariant unoriented bordism class of each n-dimensional 2-torus man-
ifold contains an n-dimensional small cover as its representative, solving the
conjecture posed in [19]. In addition, we also obtain that the graded noncom-
mutative ring formed by the equivariant unoriented bordism classes of 2-torus
manifolds of all possible dimensions is generated by the classes of all generalized
real Bott manifolds (as special small covers over the products of simplices).
This gives a strong connection between the computation of Gn-equivariant
bordism groups or ring and the Davis–Januszkiewicz theory of small covers.
As a computational application, with the help of computer, we completely de-
termine the structure of the group formed by equivariant bordism classes of
all 4-dimensional 2-torus manifolds. Finally, we give some essential relation-
ships among 2-torus manifolds, coloring polynomials, colored simple convex
polytopes, colored graphs.
1. Introduction
Throughout this paper, assume that Gn = (Z2)
n is the mod 2-torus group of
rank n > 0. An n-dimensional 2-torus manifold is a smooth closed n-dimensional
(not necessarily oriented) manifold equipped with an effective smooth Gn-action, so
its fixed point set is empty or consists of a set of isolated points (see [19, 21]). The
seminal work of Davis and Januszkiewicz in [11] discussed a special kind of 2-torus
manifolds, so called small covers (as the topological versions of real toric varieties),
each of which admits a locally standard Gn-action such that the orbit space of
action is homeomorphic to a simple convex polytope. Small covers provide a strong
link between equivariant topology, polytope theory and combinatorics. This paper
will deal with the theory of 2-torus manifolds from the viewpoint of equivariant
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bordism. We still expect such a link like small covers although 2-torus manifolds
form a much wider class than small covers.
In 1960s, Conner and Floyd began with the study of the equivariant bordism
theory of smooth closed Gn-manifolds ([9, 10]). They introduced and studied a
graded commutative algebra over Z2 with unit, Z∗(Gn) =
∑
m≥0Zm(Gn), where
Zm(Gn) consists of Gn-equivariant unoriented bordism classes of all smooth closed
m-dimensional manifolds Mm with smooth Gn-actions fixing a finite set, and the
addition and the multiplication on Z∗(Gn) are defined by the disjoint union and
the cartesian products with diagonal Gn-actions of Gn-manifolds, respectively. We
note that Zm(Gn) has also a Z2-linear space structure. As stated in [9, p.75] and
[10, p.107], an action of Gn on M
m is equivalent to a collection of involutions
Ti :M
m −→Mm, i = 1, ..., n, with TiTj = TjTi, which means that Gn is generated
by T1, ..., Tn. We also require the Gn-action to be effective. Thus, Zn(Gn) consists
of equivariant unoriented bordism classes of all n-dimensional 2-torus manifolds,
also denoted by Mn in [19].
Remark 1. Conner and Floyd showed in [9, 10] that when n = 1 Z∗(Z2) ∼= Z2, and
when n = 2, Z∗((Z2)2) ∼= Z2[u] where u denotes the class of RP 2 with the standard
(Z2)
2-action. When n = 3, the group structure of Z3((Z2)3) = M3 was determined
in [19] (see also [22]), and it was also shown therein that dimZ2 Z3((Z2)
3) = 13.
However, as far as authors know, when n ≥ 3, the ring structure of Z∗(Gn) is still
open, and the group structure of Zn(Gn) with n > 3 is also so.
With the above understood, now our purpose in this paper can be equivalently re-
stated as follows: we shall concentrate on the study of Zn(Gn) as a group generated
by equivariant unoriented bordism classes of all n-dimensional 2-torus manifolds.
Given a nonzero class {Mn} in Zn(Gn), we know by classical results of Stong [26]
that the fixed point set of Mn is a nonempty finite set, and the collection of the
associated tangential Gn-representations at the fixed points, which is considered
as a squarefree homogenous polynomial of degree n in R∗(Gn), determines the
class {Mn}, where R∗(Gn) =
∑
m≥0Rm(Gn) is the graded polynomial algebra
over Z2 generated by all irreducible Gn-representations. In other words, there is
a monomorphism φn : Zn(Gn) −→ Rn(Gn) (see also Subsection 2.1). We shall
consider the following questions:
(Q1) What squarefree homogenous polynomials in Rn(Gn) arise as fixed point
data of 2-torus manifolds?
(Q2) Are there preferred representatives in the equivariant unoriented bordism
classes of Zn(Gn)? With respect to this question, the following concrete
conjecture was posed in [19].
Conjecture (⋆): Each class of Zn(Gn) contains a small cover as its representative.
On (Q1), there is a theoretical answer stemming from the tom Dieck–Kosniowski–
Stong localization theorem in terms of an integrality condition for the tangential
fixed point data, which applies to smooth closed Gn-manifolds of an arbitrary di-
mensionm (not necessarily equal to n) with finite fixed point set. In the special case
of m = n (i.e., 2-torus manifolds), we shall formulate a simple criterion in terms
of the vanishing of a differential on the dual of the given squarefree homogenous
polynomial (see Theorem 2.3). This description is based upon the consideration
of Gn-colored graphs or mod 2 GKM graphs, which was introduced and studied
in [2, 3, 18, 20]. Furthermore, we may use this simple criterion to consider (Q2).
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We show that each n-dimensional 2-torus manifold is Gn-equivariantly bordant to
an n-dimensional small cover, giving an affirmative answer to Conjecture (⋆) (see
Theorem 2.5). As shown in [7], a small cover over a product of simplices is a
generalized real Bott manifold. We also show that as a graded noncommutative
ring, M∗ =
∑
n≥1Zn(Gn) is generated by the classes of all generalized real Bott
manifolds (see Theorem 2.6), where the multiplication on M∗ is defined by the
cartesian product of actions (see Subsection 2.2 for details). This provides a strong
link between the computation of Gn-equivariant bordism groups or ring and the
Davis–Januszkiewicz theory of small covers. As a computational application, we
use a computer program to get that if n = 4, then the Z2-linear space Z4(G4)
produced by equivariant bordism classes of all 4-dimensional 2-torus manifolds has
dimension 510 (see Proposition 2.7).
This paper is organized as follows. We shall review the tom Dieck–Kosniowski–
Stong localization theorem and give the statements of main results in Section 2. In
Section 3 we introduce the notions of faithful polynomials and its dual polynomials,
and give the definition of the differential operator d on the free polynomial alge-
bra Z2[ ̂Hom(Z2, Gn)]. In Section 4 we review the basic theories of colored graphs
and small covers. In particular, we also discuss the decomposability of Gn-colored
simple convex polytopes. In Section 5 we give the proof of Theorem 2.3. In Sec-
tion 6 we introduce the linear spaces Vn and V∗n, and then use them to study the
structure of M∗ and to finish the proofs of Theorems 2.5–2.6. In Section 7 we
give a summary on some essential relationships among 2-torus manifolds, coloring
polynomials, colored simple convex polytopes, colored graphs, and also pose some
problems. In Section 8, for a local completeness we give a simple proof to show how
the tom Dieck–Kosniowski–Stong localization theorem follows from the existence
theorem of tom Dieck. Finally we give an algorithm of determining a basis of V∗4
in Section 9.
2. tom Dieck–Kosniowski–Stong localization theorem and statements
of main results
2.1. tom Dieck–Kosniowski–Stong localization theorem. Following [9, 10],
let Rm(Gn) be the linear space over Z2, generated by the isomorphism classes
of m-dimensional real Gn-representations. Then R∗(Gn) =
∑
m≥0Rm(Gn) be-
comes a graded commutative algebra over Z2 with unit, called the Conner–Floyd
unoriented Gn-representation algebra here, where the multiplication is given by
the direct sum of representations, and the unit is given by the representation of
degree 0. As pointed out in [10], R∗(Gn) is not the Grothendieck ring of Gn-
representations, an entirely different concept. It is well-known that each irreducible
real Gn-representation is one-dimensional, so R∗(Gn) is also the graded polynomial
algebra over Z2 generated by the isomorphism classes of one-dimensional irreducible
real Gn-representations. There is the following essential relation between Z∗(Gn)
and R∗(Gn), due to Stong [26] (see also [10] and [25]).
Theorem 2.1 (Stong). The map
φ∗ : Z∗(Gn) −→ R∗(Gn)
defined by {M} 7−→
∑
p∈MGn [τpM ] is a monomorphism as algebras over Z2 where
τpM denotes the real Gn-representation on the tangent space at p ∈M
Gn.
4 ZHI LU¨ AND QIANGBO TAN
Thus, Z∗(Gn) is identified with a subalgebra Imφ∗ of R∗(Gn), also denoted by
S∗(Gn) in [9, 10].
Remark 2. Given a class {Mm} in Zm(Gn), as mentioned in Section 1, the action
of Gn on M
m is effective. If the fixed point set MGn of the Gn-action on M
m is
empty, then {Mm} = 0 in Zm(Gn) by a result of Stong [26] or [10, Theorem 31.2].
Thus, if {Mm} is nonzero in Zm(Gn), then m ≥ n since the action of Gn on Mm
is effective. This implies that if m < n, then Zm(Gn) would be trivial. It should
be pointed out that in [10], the class of a single point with a Gn-action is used as
the unit in Z∗(Gn), which represents the generator of Z0(Gn) so Z0(Gn) ∼= Z2.
This enriches the algebraic structure of Z∗(Gn), and does not bring any essential
influence on the study of Z∗(Gn) although a Gn-action on a single point is trivial.
In this paper we use this convention in [10].
In [12], tom Dieck showed that the equivariant unoriented bordism class of a
smooth closed Gn-manifold is completely determined by its equivariant Stiefel–
Whitney characteristic numbers, and in particular, the existence of a Gn-manifold
Mm fixing a finite set can be characterized by the integral property of its fixed
point data (see [12, Theorem 6]). Later on, Kosniowski and Stong [17] gave a more
precise localization formula for the characteristic numbers of Mm in terms of the
fixed point data. Then the existence theorem of tom Dieck can be formulated into
the following localization theorem in terms of Kosniowski and Stong’s localization
formula (see [17, §5 of p.740]). Here for a completeness, we shall give a simple proof
for how the following theorem follows from the existence theorem of tom Dieck in
Section 8 of this paper.
Theorem 2.2 (tom Dieck–Kosniowski–Stong localization theorem). Let {τ1, ..., τl}
be a collection of faithful Gn-representations in Rm(Gn). Then a necessary and
sufficient condition that τ1 + · · ·+ τl ∈ Imφm (or {τ1, ..., τl} is the fixed point data
of a Gn-manifold M
m) is that for all symmetric polynomial functions f(x1, ..., xm)
over Z2,
(2.1)
l∑
i=1
f(τi)
χGn(τi)
∈ H∗(BGn;Z2)
where χGn(τi) denotes the equivariant Euler class of τi, which is a product of m
nonzero elements of H1(BGn;Z2), and f(τi) means that variables x1, ..., xm in the
function f(x1, ..., xm) are replaced by those m degree-one factors in χ
Gn(τi).
Remark 3. Although all elements of Imφ∗ can be characterized by the formula
(2.1), it is still quite difficult to determine the algebra structure of Imφ∗ ∼= Z∗(Gn).
Also, in Theorem 2.2, if {τ1, ..., τl} is the fixed data of a Gn-manifold M
m, then
the polynomial (2.1) is exactly an equivariant Stiefel–Whitney number of Mm.
Actually, if we formally write the equivariant total Stiefel–Whitney class of the
tangent bundle τMm as wGn(τMm) =
∏m
i=1(1 + xi), then the equivariant Stiefel–
Whitney number f(x1, ..., xm)[M
m] can be calculated by the formula
f(x1, ..., xm)[M
m] =
l∑
i=1
f(τi)
χGn(τi)
∈ H∗(BGn;Z2)
where [Mm] denotes the fundamental homology class of Mm. For more details, see
[12] and [17].
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2.2. Statements of main results. Now let Hom(Gn,Z2) (resp. Hom(Z2, Gn))
denote the set of all homomorphisms Gn −→ Z2 (resp. Z2 −→ Gn). Then both
Hom(Gn,Z2) and Hom(Z2, Gn) have natural abelian group structures given by
those of Z2 and Gn in the usual way (i.e., the addition is given by (ρ + ξ)(g) =
ρ(g)+ξ(g)) and they have also linear space structures over Z2. Let Z2[Hom(Gn,Z2)]
(resp. Z2[Hom(Z2, Gn)]) be the graded polynomial algebra over the linear space
Hom(Gn,Z2) (resp. Hom(Z2, Gn)), i.e., the infinite symmetric tensor algebra over
Hom(Gn,Z2) (resp. Hom(Z2, Gn)). Since both Hom(Gn,Z2) and Hom(Z2, Gn) are
isomorphic to H1(BGn;Z2) as linear spaces, we have that
Z2[Hom(Gn,Z2)] ∼= Z2[Hom(Z2, Gn)] ∼= H
∗(BGn;Z2)
as algebras.
On the other hand, it is well-known that all irreducible real Gn-representations
bijectively correspond to all elements in Hom(Gn,Z2), where every irreducible real
representation of Gn has the form λρ : Gn × R −→ R with λρ(g, x) = (−1)ρ(g)x
for ρ ∈ Hom(Gn,Z2), and λρ is trivial if ρ(g) = 0 for all g ∈ Gn. Thus, if
by Z2[ ̂Hom(Gn,Z2)] we denote the free polynomial algebra over ̂Hom(Gn,Z2),
then Z2[ ̂Hom(Gn,Z2)] can be identified with R∗(Gn), where ̂Hom(Gn,Z2) means
the set obtained by forgetting the algebraic structure on Hom(Gn,Z2). Simi-
larly, we may define Z2[ ̂Hom(Z2, Gn)] in the same way as Z2[ ̂Hom(Gn,Z2)]. We
note that Z2[ ̂Hom(Gn,Z2)] is generated by 2
n elements of ̂Hom(Gn,Z2), while
Z2[Hom(Gn,Z2)] is generated by a basis (containing n elements) of Hom(Gn,Z2).
In a certain sense, both Hom(Gn,Z2) and Hom(Z2, Gn) are dual to each other.
Thus, given a faithful Gn-polynomial g =
∑
i ti,1 · · · ti,n in Z2[
̂Hom(Gn,Z2)] (which
means that for each monomial ti,1 · · · ti,n of g, the set {ti,1, ..., ti,n} is a basis of
Hom(Gn,Z2)), we can obtain a unique dual Gn-polynomial g
∗ in Z2[ ̂Hom(Z2, Gn)]
(see also Subsection 3.1). In Subsection 3.2 we shall define a differential operator
d on Z2[ ̂Hom(Z2, Gn)]. Identifying Z2[ ̂Hom(Gn,Z2)] with R∗(Gn), we may regard
Imφ∗ as a subring of Z2[ ̂Hom(Gn,Z2)]. Then the following result gives another
characterization of g ∈ Imφn in terms of d(g∗).
Theorem 2.3. Let g =
∑
i ti,1 · · · ti,n be a faithful Gn-polynomial in Z2[
̂Hom(Gn,Z2)].
Then g ∈ Imφn if and only if d(g∗) = 0.
Remark 4. We shall see from Theorem 4.2 in Subsection 4.1 that g ∈ Imφn can also
be characterized by aGn-colored graphs (or mod 2 GKM graph), so that we may use
the Gn-colored graphs to give the proof of Theorem 2.3. On the other hand, there is
also an essential relation between Gn-colored graphs and Gn-colored simple convex
n-polytopes in the setting of small covers, which indicates an algebraic duality (see
Proposition 4.7). This is an important reason why we consider the dual polynomial
g∗ of g ∈ Imφn.
Since each class χGn(τi) uniquely corresponds to τi in Theorem 2.2 andH
∗(BGn;Z2)
is isomorphic to Z2[Hom(Gn,Z2)], as a consequence of Theorems 2.2–2.3, we have
the following interesting algebraic corollary.
Corollary 2.4. Let g =
∑
i ti,1 · · · ti,n be a faithful Gn-polynomial in Z2[
̂Hom(Gn,Z2)].
Then d(g∗) = 0 if and only if for all symmetric polynomial functions f(x1, ..., xn)
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over Z2, ∑
i
f(ti,1, ..., ti,n)
ti,1 · · · ti,n
∈ Z2[Hom(Gn,Z2)]
when ti,1 · · · ti,n and f(ti,1, ..., ti,n) are regarded as polynomials in Z2[Hom(Gn,Z2)].
Our next task is to apply Theorem 2.3 to the study of M∗.
Since φn : Zn(Gn) −→ Rn(Gn) is a monomorphism, it follows by Theorem 2.3
that as linear spaces over Z2, Zn(Gn) is isomorphic to the linear space Vn formed
by all faithful Gn-polynomials g ∈ Z2[ ̂Hom(Gn,Z2)] with d(g∗) = 0. Then, the
problem can be further reduced to studying the linear space V∗n formed by the dual
polynomials of those polynomials in Vn (see Section 6). Based upon this and the
Davis–Januszkiewicz theory of small covers, we will show that
Theorem 2.5. The Conjecture (⋆) holds for arbitrary dimension n.
Remark 5. It has been shown in [19] that the Conjecture (⋆) holds for n ≤ 3.
However, the argument used in [19] does not work effectively in the case n > 3.
The sum M∗ =
∑
n≥1Zn(Gn) is also a graded ring with the multiplication
defined by {Mn11 } · {M
n2
2 } = {M
n1
1 ×M
n2
2 } where the (Z2)
n1+n2 -action on Mn11 ×
Mn22 is given by
(
(g1, g2), (x1, x2)
)
7−→
(
g1(x1), g2(x2)
)
by regarding (Z2)
n1+n2 as
(Z2)
n1 × (Z2)n2 . It should be pointed out that the multiplication defined as above
depends upon the ordering of the cartesian product of Mn11 with (Z2)
n1 -action
and Mn22 with (Z2)
n2 -action. Actually, in the same way as above, by regarding
(Z2)
n1+n2 as (Z2)
n2×(Z2)n1 , the (Z2)n1+n2-action onM
n2
2 ×M
n1
1 would be defined
by
(
(g2, g1), (x2, x1)
)
7−→
(
g2(x2), g1(x1)
)
. However, generally such two (Z2)
n1+n2 -
actions on Mn11 ×M
n2
2 and M
n2
2 × M
n1
1 are not equivariantly cobordant except
for {Mn11 } = {M
n2
2 }, but up to automorphisms of (Z2)
n1+n2 , they have not any
difference essentially (i.e., by using an automorphism of (Z2)
n1+n2 , one of such two
actions can be changed into the other one). Thus, M∗ is a graded noncommutative
ring.
Theorem 2.6. M∗ is generated by the classes of all small covers over ∆
n1 × · · · ×
∆nℓ with n1 + · · ·+ nℓ ≥ 1, where ∆ni is an ni-simplex.
Remark 6. We know from [7] that a small cover over a product of simplices is
actually identified with a generalized real Bott manifold, so M∗ is generated by the
classes of all generalized real Bott manifolds.
As a computational application, we determine the precise structure of Z4(G4).
Proposition 2.7. Z4(G4) is generated by merely the classes of small covers over
∆2 ×∆2, and has dimension 510.
In addition, we shall also give a simple proof of the main result on Z3(G3) in
[19] (see Remark 15).
3. Faithful polynomials, dual polynomials and a differential
operator
3.1. Faithful polynomials and dual polynomials. Hom(Gn,Z2) and Hom(Z2, Gn)
are clearly isomorphic to Gn, and they are dual to each other by the following pair-
ing:
(3.1) 〈·, ·〉 : Hom(Z2, Gn)×Hom(Gn,Z2) −→ Hom(Z2,Z2)
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defined by 〈ξ, ρ〉 = ρ ◦ ξ, composition of homomorphisms. For example, the
standard basis {ρ1, ..., ρn} of Hom(Gn,Z2) gives the dual basis {ρ∗1, ..., ρ
∗
n} of
Hom(Z2, Gn), where ρi is defined by (g1, ..., gn) 7−→ gi, and ρ∗i is defined by
a 7−→ (0, ..., 0︸ ︷︷ ︸
i−1
, a, 0, ..., 0).
Recall that Z2[ ̂Hom(Gn,Z2)] can be identified with R∗(Gn), such that each
monomial in Z2[ ̂Hom(Gn,Z2)] can be used as the class of a Gn-representation
in R∗(Gn). Suppose that g =
∑
i ti,1 · · · ti,n is a nonzero homogeneous poly-
nomial of degree n in Z2[ ̂Hom(Gn,Z2)] such that each monomial ti,1 · · · ti,n is
the class of an n-dimensional faithful Gn-representation, so {ti,1, ..., ti,n} forms
a basis of Hom(Gn,Z2). Such a polynomial g is called a faithful Gn-polynomial
of Z2[ ̂Hom(Gn,Z2)]. By the pairing (3.1), {ti,1, ..., ti,n} determines a dual ba-
sis {si,1, ..., si,n} of Hom(Z2, Gn). Furthermore, we obtain a unique homogeneous
polynomial g∗ =
∑
i si,1 · · · si,n in Z2[
̂Hom(Z2, Gn)], which is called the dual Gn-
polynomial of g.
Example 3.1. When n = 3, take a faithful polynomial g = ρ1ρ2ρ3+ρ1ρ3(ρ2+ρ3)+
ρ1ρ2(ρ2+ ρ3)+ ρ1(ρ1+ ρ3)(ρ1+ ρ2)+ ρ1(ρ1+ ρ3)(ρ2+ ρ3)+ ρ1(ρ1+ ρ2)(ρ2+ ρ3) in
Z2[ ̂Hom(G3,Z2)]. Then the dual polynomial of g is g
∗ = ρ∗1ρ
∗
2ρ
∗
3 + ρ
∗
1ρ
∗
2(ρ
∗
2 + ρ
∗
3) +
ρ∗1ρ
∗
3(ρ
∗
2+ρ
∗
3)+ρ
∗
2ρ
∗
3(ρ
∗
1+ρ
∗
2+ρ
∗
3)+ρ
∗
2(ρ
∗
2+ρ
∗
3)(ρ
∗
1+ρ
∗
2+ρ
∗
3)+ρ
∗
3(ρ
∗
2+ρ
∗
3)(ρ
∗
1+ρ
∗
2+ρ
∗
3)
in Z2[ ̂Hom(Z2, G3)].
3.2. A differential operator d on Z2[ ̂Hom(Z2, Gn)]. We define a differential
operator d on Z2[ ̂Hom(Z2, Gn)] as follows: for each monomial s1 · · · si of degree
i ≥ 1
di(s1 · · · si) =
{∑i
j=1 s1 · · · sj−1ŝjsj+1 · · · si if i > 1
1 if i = 1.
and d0(1) = 0, where the symbol ŝj means that sj is deleted. Obviously, d
2 = 0.
Thus, (Z2[ ̂Hom(Z2, Gn)], d) forms a chain complex.
Proposition 3.1. For all i ≥ 0, Hi(Z2[ ̂Hom(Z2, Gn)];Z2) = 0.
Proof. It is easy to see that H0(Z2[ ̂Hom(Z2, Gn)];Z2) = 0. So it suffices to show
that Imdi+1 = ker di for i > 0. Obviously, Imdi+1 ⊆ ker di. Conversely, for any
h ∈ ker di, take ϕ = sh where s ∈ ̂Hom(Z2, Gn). Then di+1(ϕ) = h+ sdi(h) = h so
h ∈ Imdi+1. Thus Imdi+1 ⊇ ker di. 
Definition 3.2. A polynomial h ∈ Z2[ ̂Hom(Z2, Gn)] is said to be squarefree if each
monomial of h is a product of distinct nontrivial elements in ̂Hom(Z2, Gn), where
the trivial element in ̂Hom(Z2, Gn) is the zero homomorphism from Z2 to Gn.
Corollary 3.3. Let h ∈ Z2[ ̂Hom(Z2, Gn)] be squarefree. Then d(h) = 0 if and only
if there is a squarefree polynomial ϕ in Z2[ ̂Hom(Z2, Gn)] such that d(ϕ) = h.
Proof. Obviously, if h = d(ϕ), then d(h) = d2(ϕ) = 0. Conversely, by Leibniz
rule, for any nontrivial element s ∈ ̂Hom(Z2, Gn), d(sh) = h + sd(h) = h. If sh is
not squarefree, then we may write sh = sh1 + s
2h2 such that sh1 is nonzero and
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sequarefree. Furthermore, h = d(sh) = h1 + sd(h1) + s
2d(h2). This forces d(h2) to
be zero since h is squarefree. Thus, we can take ϕ = sh1 as desired. 
Remark 7. It should be pointed out that similarly we may define a differential opera-
tor d′ on Z2[ ̂Hom(Gn,Z2)]. However, given a faithful polynomial g ∈ Z2[ ̂Hom(Gn,Z2)],
if d(g∗) = 0, then generally we cannot obtain d′(g) = 0. For example, for the g and
g∗ in Example 3.1, a direct calculation shows that d(g∗) = 0 but d′(g) 6= 0.
Let h ∈ Z2[ ̂Hom(Z2, Gn)]. For an automorphism σ of Hom(Z2, Gn), let σ(h)
denote the polynomial of Z2[ ̂Hom(Z2, Gn)] produced by replacing each degree-one
factor t in h by σ(t), where t is regarded as an element in Hom(Z2, Gn). Then
we see that Z2[ ̂Hom(Z2, Gn)] naturally admits an action Φ of Aut(Hom(Z2, Gn)),
defined by h 7−→ σ(h). A direct calculation gives the following result.
Lemma 3.4. Let h ∈ Z2[ ̂Hom(Z2, Gn)] and σ ∈ Aut(Hom(Z2, Gn)). Then
d(σ(h)) = σ(d(h)).
4. Gn-colored graphs and small covers
Throughout the following, Z2[ ̂Hom(Gn,Z2)] will be identified with R∗(Gn).
Then we may write the Stong homomorphism as φ∗ : Z∗(Gn) −→ Z2[ ̂Hom(Gn,Z2)].
4.1. G-colored graphs. In [13], Goresky, Kottwitz and MacPherson established
the GKM theory, indicating that there is an essential link between topology and
geometry of torus actions and the combinatorics of colored graphs (see also [15]).
Such a link has already been expanded to the case of mod 2-torus actions (see, e.g.,
[2]–[3], [18], and [20]). Specifically, assume that Mm is a smooth closed m-manifold
with an effective smooth Gn-action fixing a nonempty finite setM
Gn , which implies
m ≥ n (see [1]). Then we know from [18, 20] that the Gn-action on Mm defines a
regular graph ΓM of valence m with the vertex set M
Gn and a Gn-coloring α.
In this paper we shall pay more attention on the extreme case in which m = n
(i.e., Mn is a 2-torus manifold). In this case we also know from [2, 18, 20] that
such a Gn-colored graph (ΓM , α) is uniquely determined by the Gn-action where α
is defined as a map from the set EΓM of all edges of ΓM to all non-trivial elements
of Hom(Gn,Z2), and it satisfies the following properties:.
(P1) for each vertex v of ΓM ,
∏
x∈Ev
α(x) is faithful in Z2[ ̂Hom(Gn,Z2)] (or
equivalently, α(Ev) = {α(x)|x ∈ Ev} forms a basis of Hom(Gn,Z2)), where
Ev denotes the set of all edges adjacent to v;
(P2) for each edge e of ΓM , α(Eu) ≡ α(Ev) mod α(e) in Hom(Gn,Z2) where u
and v are two endpoints of e.
The pair (ΓM , α) is called the Gn-colored graph of the 2-torus manifold M
n here.
Remark 8. The property (P2) has the following equivalent statement that for each
edge e = uv of ΓM , there is a unique bijection θe : Eu −→ Ev such that for any
e′ ∈ Eu\{e},
α(e′) ≡ α(θe(e
′)) mod α(e).
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The collection θ = {θe
∣∣e ∈ EΓM } is called a connection of (ΓM , α). Geometrically,
{
∏
x∈Ev
α(x)|v ∈ VΓM } or {α(Ev)|v ∈ VΓM } means the collection of all tangen-
tial Gn-representations at fixed points in M
n, and θ = {θe
∣∣e ∈ EΓM } means the
connection among all tangential Gn-representations at fixed points.
Example 4.1. Consider the n-dimensional real projective space RPn (n ≥ 2) with
the standard linear Gn-action defined by
[x0, x1, ..., xn] 7−→ [x0, (−1)
g1x1, ..., (−1)
gnxn]
which fixes n + 1 isolated points [0, ..., 0, 1, 0, ..., 0] with 1 in the i-th place for
i = 0, 1, ..., n. This action determines a unique regular graph ΓRPn , which is just
the 1-skeleton of an n-simplex ∆n, and the
(
n+1
2
)
edges of ΓRPn are colored by
ρ1, ..., ρn, ρi + ρj , 1 ≤ i < j ≤ n, respectively, where {ρ1, ..., ρn} is the standard
basis of Hom(Gn,Z2). When n = 2, 3, the Gn-colored graph ΓRPn is shown in
Figure 1.
ρ2
ρ2 + ρ3
The case n = 3The case n = 2
ρ1
ρ2
ρ1 + ρ2
ρ3
ρ1
ρ1 + ρ2 ρ1 + ρ3
Figure 1. Colored graphs for the cases n = 2, 3.
We note that the diagonal action on two copies of the standard (Z2)
2-action on
RP 2 and the twist involution on the product RP 2×RP 2 may give a (Z2)3-action on
RP 2×RP 2 fixing three fixed points. However, RP 2×RP 2 with this (Z2)3-action is
not a 2-torus manifold, but it can determine a colored graph, as shown in Figure 2
ρ1 + ρ2
ρ2 + ρ3
ρ2
ρ1 + ρ3
ρ1
ρ1 + ρ2 + ρ3
Figure 2. The colored graph of the (Z2)
3-action on RP 2 × RP 2.
Guillemin and Zara [15] formulated the results of GKM theory in terms of a
colored graph, and developed the GKM theory combinatorially. They defined and
studied the abstract GKM graphs. This idea may still be carried out in the mod
2 case. Following [18], let Γ be a finite regular graph of valence n without loops.
If there is a map α from the set EΓ of all edges of Γ to all nontrivial elements of
Hom(Gn,Z2) satisfying the properties (P1) and (P2) as above, then the pair (Γ, α)
is called an abstract Gn-colored graph of Γ, and α is called a Gn-coloring on Γ.
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Remark 9. By definition, it is easy to see that if all α(Ev), v ∈ VΓ, are distinct,
then for each edge e ∈ EΓ, |Ee| = 1 where VΓ denotes the set of vertices in Γ and
Ee denotes all edges joining two endpoints of e (see also [20, Lemma 5.1]).
Obviously, an abstractGn-colored graph (Γ, α) determines a faithful Gn-polynomial∑
v∈VΓ
∏
x∈Ev
α(x) in Z2[ ̂Hom(Gn,Z2)].
Definition 4.1. Let (Γ, α) be an abstract Gn-colored graph. Set
g(Γ,α) =
∑
v∈VΓ
∏
x∈Ev
α(x)
which is called the Gn-coloring polynomial of (Γ, α).
It was shown in [18, Proposition 2.2] that for an abstract Gn-colored graph
(Γ, α), the collection {α(Ev), v ∈ VΓ} is always realizable as the fixed point data of
some 2-torus manifold Mn, which implies that the Gn-coloring polynomial g(Γ,α)
of (Γ, α) must belong to the image of φn : Zn(Gn) −→ Rn(Gn), where Rn(Gn) is
regarded as the subgroup of Z2[ ̂Hom(Gn,Z2)]. However, this result does not tell
us whether (Γ, α) is the Gn-colored graph (ΓM , α) of M
n or not, which is related
to the following geometric realization problem: under what condition can (Γ, α)
become a Gn-colored graph of some 2-torus manifold? Some work for the geometric
realization problem has been studied in details in [2].
On the other hand, as mentioned above, we have known from [2] or [20, Section
2] that each 2-torus manifold Mn determines a Gn-colored graph (ΓM , α), and the
corresponding Gn-coloring polynomial g(ΓM ,α) is exactly φn({M
n}). Since φn is a
monomorphism and the Gn-colored graph (ΓM , α) may naturally be understood as
an abstract Gn-colored graph, it follows that
Theorem 4.2. A faithful Gn-polynomial g ∈ Z2[ ̂Hom(Gn,Z2)] belongs to Imφn if
and only if it is the Gn-coloring polynomial of an abstract Gn-colored graph (Γ, α).
Now by Λ(Gn) we denote the set of all abstract Gn-colored graphs (Γ, α).
Definition 4.3. Two abstract Gn-colored graphs (Γ1, α1) and (Γ2, α2) in Λ(Gn)
are said to be equivalent if g(Γ1,α1) = g(Γ2,α2), denoted by (Γ1, α1) ∼ (Γ2, α2).
On the coset Λ(Gn)/ ∼, define the addition + as follows:
{(Γ1, α1)}+ {(Γ2, α2)} := {(Γ1, α1) ⊔ (Γ2, α2)}
where ⊔ means the disjoint union. Then Λ(Gn)/ ∼ forms an abelian group, where
the zero element in Λ(Gn)/ ∼ is the class of the abstract Gn-colored graph with
zero Gn-coloring polynomial. By Theorem 4.2 we have that
Corollary 4.4. Zn(Gn) is isomorphic to Λ(Gn)/ ∼.
Definition 4.5. An abstract Gn-colored graph (Γ, α) in Λ(Gn) with g(Γ,α) 6= 0 is
said to be prime if all α(Ev), v ∈ VΓ, are distinct.
It is easy to see that a prime abstract Gn-colored graph (Γ, α) has the property
that |VΓ| equals to the number of monomials of g(Γ,α). Now let us look at nonzero
classes in Λ(Gn)/ ∼.
Lemma 4.6. Each nonzero class of Λ(Gn)/ ∼ contains a prime abstract Gn-colored
graph as its representative.
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Proof. Let (Γ, α) be an abstract Gn-colored graph in Λ(Gn) with g(Γ,α) 6= 0. Sup-
pose that (Γ, α) is not prime. Then there must be two vertices v and u such
that α(Ev) = α(Eu). Now let us perform a “connected sum” of (Γ, α) to itself
at v and u as follows: first cut out two vertices v and u, and then glue n edges
{e1v, ..., e
n
v} removed v to n edges {e
1
u, ..., e
n
u} removed u along sectional endpoints
respectively in such a way that two eiv and e
j
u will be glued together as long as
α(eiv) = α(e
j
u). Then it is easy to see that the resulting graph (Γ
′, α′) is still an
abstract Gn-colored graph in Λ(Gn). This decreases two vertices v and u from
(Γ, α), and clearly (Γ′, α′) ∼ (Γ, α). Since Γ is finite, this procedure can be ended
until we obtain the desired prime abstract Gn-colored graph. 
Remark 10. For two abstract Gn-colored graphs (Γ1, α1) and (Γ2, α2), if there
are two vertices v1 ∈ VΓ1 and v2 ∈ VΓ2 such that α1(Ev1) = α2(Ev2), in a sim-
ilar way as shown in the proof of Lemma 4.6, we can define a connected sum
(Γ1, α1)♯v1,v2(Γ2, α2) of (Γ1, α1) and (Γ2, α2) at v1 and v2. Then we can obtain
that
{(Γ1, α1)♯v1,v2(Γ2, α2)} = {(Γ1, α1)}+ {(Γ2, α2)} = {(Γ1, α1) ⊔ (Γ2, α2)}.
This also implies that for {M1}, {M2} ∈ Zn(Gn), if there are two fixed points
p1 ∈ M
Gn
1 and p2 ∈ M
Gn
2 such that the tangent Gn-representations at p1 and p2
are isomorphic, then we can perform an equivariant connected sum M1♯p1,p2M2 of
M1 and M2 at p1 and p2, and in particular,
{M1♯p1,p2M2} = {M1}+ {M2} = {M1 ⊔M2}.
4.2. Small covers. In [11] Davis and Januszkiewicz introduced and studied the
topological version of real toric variety, i.e., “small cover”. This gives another link
between the equivariant topology and the combinatorics of simple convex polytopes.
An n-dimensional small cover π :Mn −→ Pn is a smooth closed n-manifold Mn
with a locally standard Gn-action such that its orbit space is homeomorphic to a
simple convex n-polytope Pn, where a locally standard Gn-action on M
n means
that this Gn-action on M
n is locally isomorphic to a faithful representation of Gn
on Rn. A small cover is a special 2-torus manifold. Each small cover π :Mn −→ Pn
determines a characteristic function λ (here we call it a Gn-coloring) on P
n, defined
by mapping all facets (i.e., (n− 1)-dimensional faces) of Pn to nontrivial elements
of Hom(Z2, Gn) such that n facets meeting at each vertex are mapped to n linearly
independent elements. There are many fascinating characteristics for π : Mn −→
Pn, saying that the algebraic topology of Mn is essentially consistent with the
algebraic combinatorics of (Pn, λ) in many aspects, and Mn can be recovered by
the pair (Pn, λ). For example, the mod 2 Betti numbers (b0, b1, ..., bn) of M
n agree
with the h-vector (h0, h1, ..., hn) of P
n. This leads us to one of reasons why we
posed the Conjecture (⋆) in [19]. The other one is that in [5] Buchstaber and Ray
gave the proof of the Conjecture (⋆) in non-equivariant case, i.e., each n-dimensional
class of N∗ contains a small cover as its representative, where N∗ denotes the Thom
unoriented borism ring.
Now suppose that π : Mn −→ Pn is a small cover, and λ : F(Pn) −→
Hom(Z2, Gn) is its characteristic function, where F(Pn) consists of all facets of
Pn. Given a vertex v of Pn, since Pn is simple, there are n facets F1, ..., Fn in
F(Pn) such that v = F1 ∩ · · · ∩ Fn. Then, by the definition of λ, we see that the
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vertex v determines a monomial
∏n
i=1 λ(Fi) of degree n in Z2[
̂Hom(Z2, Gn)], whose
dual by the pairing (3.1) is faithful in Z2[ ̂Hom(Gn,Z2)]. Here
∏n
i=1 λ(Fi) is called
the Gn-coloring monomial at v, denoted by λv. Moreover, all vertices in the vertex
set VPn of P
n via λ give a polynomial
∑
v∈VPn
λv of degree n in Z2[ ̂Hom(Z2, Gn)],
which is denoted by g(Pn,λ), and is called g(Pn,λ) the Gn-coloring polynomial of
(Pn, λ).
Remark 11. Geometrically, each degree-one factor λ(Fi) of the monomial λv at the
vertex v = F1 ∩ · · · ∩ Fn is actually the normal representation to the characteristic
submanifold π−1(Fi) fixed by the Z2-subgroup of Gn corresponding to the factor
λ(Fi). Then, the fixed point π
−1(v) is in the intersection of those n characteris-
tic submainfolds π−1(Fi), i = 1, ..., n, determined by n degree-one factors of λv.
This means that the dual of λv by the pairing (3.1) is exactly the tangential Gn-
representation at the fixed point π−1(v) (see also [18, Proposition 4.1]). This is also
shown in [4, Lemmas 5.48 and 5.50] for the case of quasi-toric manifolds in terms
of matrices.
Now let (ΓM , α) be the Gn-colored graph of π : M
n −→ Pn, and let g(ΓM ,α) be
the Gn-coloring polynomial of (ΓM , α). We know from [18, Proposition 4.1; Remark
4] that ΓM is exactly the 1-skeleton of P
n, and both λ and α determine each other.
Specifically, let v be a vertex of Pn. Then there are n facets F1, ..., Fn in P
n and n
edges (or 1-faces) e1, ..., en in ΓM such that v = F1 ∩ · · · ∩Fn = e1 ∩ · · · ∩ en. With
no loss of generality, assume that ei is the intersection of F1, ..., Fi−1, Fi+1, ..., Fn,
so Fi contains n− 1 edges e1, ..., ei−1, ei+1, ..., en except for ei. Then both λ and α
are dual in the following sense
〈λ(Fi), α(ej)〉 =
{
1 if i = j
0 if i 6= j
which implies that the basis {λ(F1), ..., λ(Fn)} of Hom(Z2, Gn) is the dual basis of
{α(e1), ..., α(en)} in Hom(Gn,Z2). This gives
Proposition 4.7. g(Pn,λ) is the dual polynomial of g(ΓM ,α).
Remark 12. Given an automorphism σ of Hom(Z2, Gn), we can induce a new Gn-
coloring σ ◦ λ on Pn from λ : F(Pn) −→ Hom(Z2, Gn). Furthermore, we may see
easily that g(Pn,σ◦λ) = σ(g(Pn,λ)).
Example 4.2. Regard S1 as the unit circle {z ∈ C
∣∣|z| = 1} in C and RP 2 as the
projective plane RP (C⊕ R) = { [v, w]
∣∣v ∈ C, w ∈ R } in C⊕ R, we then construct
a (Z2)
3-action on M3 = S1 × RP 2 defined by the following three commutative
involutions
t1 : (z, [v, w]) 7−→ (z¯, [zv, w])
t2 : (z, [v, w]) 7−→ (z, [−z¯v¯, w])
t3 : (z, [v, w]) 7−→ (z¯, [−zv, w]).
We know from [22, Lemma 4.3] that M3 is a 3-dimensional small cover whose orbit
is a 3-sided prism P 3(3) with a (Z2)
3-coloring λ, and its colored graph (ΓM , α) is
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the 1-skeleton of P 3(3), shown as follows:
ρ3
(P3(3), λ) (ΓM , α)
ρ∗1 ρ
∗
2 + ρ
∗
3
ρ∗2 ρ
∗
3
ρ∗1 + ρ
∗
2
ρ2 + ρ3
ρ2
ρ1
ρ1
ρ3
ρ1
ρ1 + ρ2
ρ1 + ρ2 + ρ3
The corresponding G3-coloring polynomials g(ΓM ,α) and g(P 3(3),λ) are exactly the
faithful polynomial g and its dual polynomial g∗ respectively, as expressed in Ex-
ample 3.1.
Generalized real Bott manifolds belong to a class of nicely behaved small covers,
which were introduced and studied in [6, 7, 8, 16, 23]. A generalized real Bott tower
of height n is a sequence of RPni -bundles with ni ≥ 1:
BRn
πn−−−−→ BRn−1
πn−1
−−−−→ · · ·
π2−−−−→ BR1
π1−−−−→ BR0 = {a point}
where each πi : B
R
i −→ B
R
i−1 for i = 1, ..., n is the projectivization of a Whitney
sum of ni+1 real line bundles over B
R
i . We call B
R
i an i-stage generalized real Bott
manifold or a generalized real Bott manifold of height i. It is easy to check that
the i-stage generalized real Bott manifold BRi is a small cover over ∆
n1 × · · · ×∆ni
where ∆nj is an nj-dimensional simplex. Conversely, it was shown in [7] that a
small cover over a product of simplices is a generalized real Bott manifold.
In the special case where ni = 1 for all i, B
R
i is called an i-stage real Bott
manifold, and it is a small cover over an i-cube.
Much interesting work related to generalized real Bott manifolds has been carried
on (see [6, 7, 8, 16, 23, 27]). For example, it was proved in [16] that the cohomolog-
ical rigidity for real Bott manifolds holds, and we also know from [6] that real Bott
manifolds provide examples of flat riemannian manifolds, and they are also related
to acyclic digraphs.
4.3. Gn-colorings on the product of simple convex polytopes. We note
that the natural identification of Gn with Hom(Z2, Gn) gives a correspondence Θ
between their subgroups.
The following is a generalization of Gn-colorings on simple convex n-polytopes.
Definition 4.8. Let P k be a simple convex k-polytope with k ≤ n. A Gn-coloring
λ on P k is a map from all facets of P k to Hom(Z2, Gn) such that λ maps k facets
at each vertex of P k into k linearly independent elements in Hom(Z2, Gn). In
particular, a Gn-coloring λ on P
k is said to be nice if there is a subgroup Lλ of
rank n− k in Hom(Z2, Gn) such that λ = ℓ ◦ λ maps k facets at each vertex of P k
into k linearly independent elements in the quotient group Hom(Z2, Gn)/Lλ, where
ℓ denotes the natural quotient map from Hom(Z2, Gn) to Hom(Z2, Gn)/Lλ.
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Clearly, each Gn-coloring λ on P
k can still determine a polynomial as before,
which is also denoted by g(Pk,λ), and is called the Gn-coloring polynomial of (P
k, λ).
For a nice Gn-coloring λ on P
k, we can choose a subgroup Cλ of rank k in
Hom(Z2, Gn) such that Cλ ∼= Hom(Z2, Gn)/Lλ and Lλ ⊕ Cλ = Hom(Z2, Gn).
Write G′ = Θ−1(Cλ), then λ is actually a G
′-coloring on P k, so it is also regarded
as a (Z2)
k-coloring on P k since G′ is isomorphic to (Z2)
k. Since Hom(Z2, (Z2)
k) ⊆
Hom(Z2, Gn) for k ≤ n, each (Z2)k-coloring on P k can always be regarded as a
nice Gn-coloring on P
k.
Let Pn be the product Pn11 × P
n2
2 of two simple convex polytopes P
n1
1 and P
n2
2
with n1+n2 = n. Suppose that P
n admits a Gn-coloring λ. Then for i = 1, 2, each
Pnii naturally inherits a Gn-coloring λi in such a way that for each facet F of P
ni
i ,
(4.1) λi(F ) =
{
λ(F × Pn22 ) if F is a facet of P
n1
1
λ(Pn11 × F ) if F is a facet of P
n2
2
which is called the restriction to Pnii of λ. Note that all facets of P
n1
1 ×P
n2
2 consist
of the polytopes of the forms F1 × P
n2
2 and P
n1
1 × F2 where Fi is a facet of P
ni
i .
Lemma 4.9. For i = 1, 2, the Gn-coloring λi on P
ni
i is nice.
Proof. Let vi (i = 1, 2) be a vertex of P
ni
i , and let F
(i)
1 , ..., F
(i)
ni be ni facets adjacent
to vi in P
ni
i . Then F
(1)
1 ×P
n2
2 , ..., F
(1)
n1 ×P
n2
2 , P
n1
1 ×F
(2)
1 , ..., P
n1
1 ×F
(2)
n2 are n facets
at vertex (v1, v2) of P
n. So λ1(F
(1)
1 ), ..., λ1(F
(1)
n1 ), λ2(F
(2)
1 ), ..., λ2(F
(2)
n2 ) form a basis
of Hom(Z2, Gn). When v1 runs over all vertices of P
n1
1 and v2 is fixed, since each
(v1, v2) is always a vertex of P
n, take Lλ1 as Span{λ2(F
(2)
1 ), ..., λ2(F
(2)
n2 )}, we see
easily that λ1 maps n1 facets at each vertex of P
n1 into n1 linearly independent
elements in Hom(Z2, Gn)/Lλ1 . So λ1 is a nice Gn-coloring. In a similar way, we
have that λ2 is a nice Gn-coloring, too. 
Remark 13. By the proof of Lemma 4.9, we can choose Lλ1 and Lλ2 via the Gn-
coloring at a vertex (v1, v2) of P
n such that Lλ1 ⊕Lλ2 = Hom(Z2, Gn). In fact, let
F
(1)
1 ×P
n2
2 , ..., F
(1)
n1 ×P
n2
2 , P
n1
1 ×F
(2)
1 , ..., P
n1
1 ×F
(2)
n2 be n facets meeting at (v1, v2).
Then we can choose Lλi as Span{λi(F
(i)
1 ), ..., λi(F
(i)
ni )}, i = 1, 2, as desired.
Proposition 4.10 (Product formula).
g(Pn11 ×P
n2
2 ,λ)
= g(Pn11 ,λ1)g(P
n2
2 ,λ2)
.
Proof. First we see from the proof of Lemma 4.9 that
g(Pn11 ×P
n2
2 ,λ)
=
∑
(v1,v2)∈VPn11 ×P
n2
2
λ(v1,v2) =
∑
v2∈VPn2
2
∑
v1∈VPn1
1
λ(v1,v2)
where VP denotes the vertex set of a simple convex polytope P . Since λ(v1,v2) =
λ1v1λ2v2 , we have that
g(Pn11 ×P
n2
2 ,λ)
=
∑
v2∈VPn2
2
∑
v1∈VPn1
1
λ1v1λ2v2
=
( ∑
v2∈VPn2
2
λ2v2
)( ∑
v1∈VPn1
1
λ1v1
)
= g(Pn11 ,λ1)g(P
n2
2 ,λ2)
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as desired. 
Proposition 4.10 also implies the following result.
Corollary 4.11. Suppose that a simple convex n-polytope Pn admits a Gn-coloring
λ such that g(Pn,λ) is indecomposable in Z2[ ̂Hom(Z2, Gn)]. Then P
n is indecom-
posable too.
Now for a decomposable simple convex n-polytope Pn = Pn11 × P
n2
2 with n =
n1+n2. Suppose that P
ni
i (i = 1, 2) admits a nice Gn-coloring λi such that there are
two subgroups Lλ1 and Lλ2 corresponding to λ1 and λ2 respectively which satisfy
Lλ1 ⊕ Lλ2 = Hom(Z2, Gn). Then we can define a Gn-coloring λ on P
n as follows:
for each facet Fi of P
ni
i ,
(4.2) λ(F ) =
{
λ1(F1) if F = F1 × P
n2
2
λ2(F2) if F = P
n1
1 × F2.
Furthermore, it is easy to see that the product formula in Proposition 4.10 still
holds in this case. Namely, g(Pn,λ) = g(P1,λ1)g(P2,λ2).
Remark 14. By the definitions of λi and λ in ( 4.1) and (4.2), we see that P
n =
Pn11 × P
n2
2 with a Gn-coloring λ uniquely defines the restrictions λi of λ on P
ni
i .
Conversely, given two nice Gn-colorings λi on P
ni
i (i = 1, 2) with n1 + n2 = n
such that there are two corresponding subgroups Lλ1 and Lλ2 with Lλ1 ⊕ Lλ2 =
Hom(Z2, Gn), we can uniquely define a Gn-coloring λ on P
n = Pn11 × P
n2
2 such
that λi is the restriction to P
ni
i of λ. With this understood, we shall write
(Pn, λ) = (Pn1 , λ1)× (P
n2 , λ2)
if λi is the restriction to P
ni
i of λ.
Throughout the following we use the convention that all simple convex n-polytopes
are embedded in Rn, and if two simple convex polytopes Pn1 and P
n
2 are combina-
torially equivalent, then Pn1 is identified with P
n
2 .
Now suppose (Pn1 , λ1) and (P
n
2 , λ2) are twoGn-colored simple convex n-polytopes
such that there are two vertices v1 ∈ Pn1 and v2 ∈ P
n
2 with λ1v1 = λ2v2 . Then we
can always perform a connected sum Pn1 ♯v1,v2P
n
2 of (P
n
1 , λ1) and (P
n
2 , λ2) at v1 and
v2, so that P
n
1 ♯v1,v2P
n
2 is still a simple convex polytope. In fact, because (P
n
i , λi)
is identified with its mirror reflection (P
n
i , λi) along a hyperplane in R
n but the
Gn-coloring order of n facets at vi in (P
n
i , λi) is exactly the reversion of the Gn-
coloring order of n facets at vi in (P
n
i , λi) where vi is the reflection point of vi, this
means that we can choose (Pn1 , λ1) and (P
n
2 , λ2) up to combinatorial equivalence (if
necessary) such that the Gn-coloring order of n facets at v1 in (P
n
1 , λ1) is the rever-
sion of the Gn-coloring order of n facets at v2 in (P
n
2 , λ2). Note that the coloring
monomial at a vertex v determines the Gn-coloring order of the facets adjacent to
v up to a reflection since the polytope is simple. Thus, we can perform the required
connected sum between (Pn1 , λ1) and (P
n
2 , λ2). Next it is not difficult to see that
λ1 and λ2 determine a Gn-coloring λ on P
n
1 ♯v1,v2P
n
2 . Moreover, we have that
Proposition 4.12 (Connected sum formula).
g(Pn1 ♯v1,v2Pn2 ,λ) = g(Pn1 ,λ1) + g(Pn2 ,λ2).
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Proof. This is because g(Pn1 ♯v1,v2Pn2 ,λ) = (g(Pn1 ,λ1) − λ1v1) + (g(Pn2 ,λ2) − λ2v2 ) =
g(Pn1 ,λ1) + g(Pn2 ,λ2) in Z2[
̂Hom(Z2, Gn)]. 
5. Proof of Theorem 2.3
First let us state a useful lemma.
Lemma 5.1. If tη2 · · · ηn and tθ2 · · · θn are two different faithful Gn-monomials of
degree n in Z2[ ̂Hom(Gn,Z2)] with {η2, ..., ηn} ≡ {θ2, ..., θn} mod t in Hom(Gn,Z2),
then their duals are different and contain the same monomial of degree n− 1 as a
factor. The converse is also true.
Proof. This follows immediately from the pairing (3.1). 
Proposition 5.2. Let g be a faithful Gn-polynomial in Z2[ ̂Hom(Gn,Z2)]. If g ∈
Imφn then d(g
∗) = 0.
Proof. Let g ∈ Imφn. Then by Theorem 4.2, Corollary 4.4 and Lemma 4.6, there
is a prime abstract Gn-colored graph (Γ, α) with g(Γ,α) = g. Take an edge e = pq
in Γ, we have that α(Ep) \ {α(e)} ≡ α(Eq) \ {α(e)} mod α(e) in Hom(Gn,Z2).
Moreover, by Lemma 5.1, it follows that all monomials of degree n − 1 in d(g∗)
appear in pairs, so d(g∗) = 0. 
Proposition 5.3. Suppose that g =
∑ℓ
i=1 ti,1 · · · ti,n is a faithful Gn-polynomial in
Z2[ ̂Hom(Gn,Z2)]. If d(g
∗) = 0, then g is the Gn-coloring polynomial of an abstract
Gn-colored graph.
Proof. Assume that d(g∗) = 0. We directly construct the required abstract Gn-
colored graph as follows:
First, write g∗ =
∑ℓ
i=1 si,1 · · · si,n such that each si,1 · · · si,n is the dual monomial
of ti,1 · · · ti,n, and then take ℓ points v1, ..., vℓ as vertices, which are labeled by
monomials s1,1 · · · s1,n, ..., sℓ,1 · · · sℓ,n, respectively.
Next, for each vertex vi, the monomial si,1 · · · si,n corresponding to vi contains n
monomials si,1 · · · ŝi,j · · · si,n of degree n−1, j = 1, ..., n. These n monomials of de-
gree n−1 are distinct since g is faithful. Then we can use n segments to make a bou-
quet with vi as a common endpoint by gluing only an endpoint of each segment to vi,
and further we use the nmonomials si,1 · · · ŝi,j · · · si,n of degree n−1 (j = 1, ..., n) to
label these n segments. So we can exactly get ℓ such bouquets with v1, ..., vℓ as their
common endpoints respectively. Since d(g∗) =
∑ℓ
i=1
∑n
j=1 si,1 · · · ŝi,j · · · si,n = 0,
this means that all si,1 · · · ŝi,j · · · si,n (i = 1, ..., ℓ, j = 1, ..., n) exactly appear in
pairs. Moreover, we may use those ℓ labeled bouquets to produce an n-valent regu-
lar graph Γ with {v1, ..., vℓ} as its vertex set by pairwise gluing segments with same
labels together along non-common endpoints of bouquets.
Our next procedure is to do a change of labels on all edges of Γ. We see easily
from the pairing (3.1) that each factor ti,j in ti,1 · · · ti,n uniquely corresponds to a
monomial of degree n− 1 in si,1 · · · si,n. Without loss of generality, we may assume
that ti,j exactly corresponds to si,1 · · · ŝi,j · · · si,n. Then we can give new labels on
all edges of Γ by using ti,j to replace si,1 · · · ŝi,j · · · si,n (i = 1, ..., ℓ, j = 1, ..., n).
Moreover, we conclude by Lemma 5.1 that the graph Γ with new labels on edges is
exactly the required abstract Gn-colored graph. 
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Together with Theorem 4.2 and Propositions 5.2–5.3, we complete the proof of
Theorem 2.3.
6. The conjecture (⋆) and the basic structure of M∗
Now let Vn be the linear space over Z2 produced by all faithful Gn-polynomials
g in Z2[ ̂Hom(Gn,Z2)] with d(g
∗) = 0. By V∗n we denote the linear space over Z2
formed by the dual polynomials of those polynomials in Vn. Then V∗n is clearly
isomorphic to Vn. Furthermore we have from Theorems 2.3 and 4.2 that
Proposition 6.1. Zn(Gn) is isomorphic to V∗n.
Since we know from [19] that Zn(Gn) = (0) if n = 1, throughout the following
assume that n > 1.
6.1. Gn-colorings on the products of simplices. We first do an analysis for
the product of simplices with a Gn-coloring, which can provide us much insight into
the study of V∗n.
Let Pn be the product ∆n1 × · · · ×∆nr of some simplices ∆ni , i = 1, ..., r, such
that Pn admits a Gn-coloring λ, where n1+ · · ·+nr = n. Then Pn has n+r facets,
which consist of ∆n1 × · · · ×∆ni−1 × F
(i)
j ×∆
ni+1 × · · · ×∆nr (denoted by Fi,j),
j = 1, ..., ni + 1, i = 1, ..., r, where F
(i)
1 , ..., F
(i)
ni , F
(i)
ni+1
denote the ni + 1 facets of
∆ni . Let λi be the restriction to ∆
ni of λ, so λi(F
(i)
j ) = λ(Fi,j) (see Subsection 4.3).
Then by Lemma 4.9, each λi is a nice Gn-coloring, and by Proposition 4.10 we have
that
g(Pn,λ) =
r∏
i=1
g(∆ni ,λi).
Let {ρ∗1, ..., ρ
∗
n} denote the standard basis of Hom(Z2, Gn), where each ρ
∗
i is defined
by a 7−→ (0, ..., 0︸ ︷︷ ︸
i−1
, a, 0, ..., 0) (see Subsection 3.1). Consider the following n facets
(6.1) F1,1, ..., F1,n1︸ ︷︷ ︸
n1
, ..., Fr,1, ..., Fr,nr︸ ︷︷ ︸
nr
which meet at a vertex v0 of P
n. Without loss of generality, assume that these
n facets above meeting at v0 are colored by ρ
∗
1, ..., ρ
∗
n respectively (if not, we can
always use an automorphism of Hom(Z2, Gn) to obtain the desired coloring at v0),
so
λ1(F
(1)
1 ) = ρ
∗
1, ..., λ1(F
(1)
n1
) = ρ∗n1︸ ︷︷ ︸
n1
, ..., λr(F
(r)
1 ) = ρ
∗
n1+···+nr−1+1, ..., λr(F
(r)
nr
) = ρ∗n︸ ︷︷ ︸
nr
.
We note that if a facet Fi,j (1 ≤ j ≤ ni) in the n facets of (6.1) is replaced by
Fi,ni+1, then the resulting n facets still meet at a vertex of P
n. Since the Gn-
coloring of n facets meeting at each vertex of Pn gives a basis of Hom(Z2, Gn), we
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see easily that 
λ1(F
(1)
n1+1
) = ρ∗1 + · · ·+ ρ
∗
n1
+ β1
· · ·
λi(F
(i)
ni+1
) = ρ∗∑i−1
j=1 nj+1
+ · · ·+ ρ∗∑i
j=1 nj
+ βi
· · ·
λr(F
(r)
nr+1
) = ρ∗n1+···+nr−1+1 + · · ·+ ρ
∗
n + βr
such that each βi ∈ Hom(Z2, Gn) satisfies the property (∗) that βi is a linear
combination of {ρ∗1, ..., ρ
∗
n} \ {ρ
∗
n1+···+ni−1+1, ..., ρ
∗
n1+···+ni}. Thus, for each i, we
have that
g(∆ni ,λi) = d
(
ρ∗∑i−1
j=1 nj+1
· · · ρ∗∑i
j=1 nj
(
ρ∗∑i−1
j=1 nj+1
+ · · ·+ ρ∗∑i
j=1 nj
+ βi
))
.
This gives
Lemma 6.2. With the above assumption, the Gn-coloring polynomial of (P
n, λ) is
g(Pn,λ) =
r∏
i=1
d
(
ρ∗∑i−1
j=1 nj+1
· · · ρ∗∑i
j=1 nj
(
ρ∗∑i−1
j=1 nj+1
+ · · ·+ ρ∗∑i
j=1 nj
+ βi
))
.
Note that if some ni = 1 and g(Pn,λ) 6= 0, then g(∆ni ,λi) 6= 0, so βi must be
nonzero. This means that two facets of ∆ni = ∆1 are colored by two different
elements.
Lemma 6.3. With the above notion, there is at least one βi in the expression of
g(Pn,λ) such that βi = 0.
Proof. When r = 1 (i.e., Pn = ∆n), clearly we must have that
g(Pn,λ) = d
(
ρ∗1 · · · ρ
∗
n(ρ
∗
1 + · · ·+ ρ
∗
n)
)
,
so β1 = 0 as desired. When r > 1, without loss of generality, suppose that there
is some positive integer k with k ≤ r such that for all 1 ≤ i ≤ k, βi 6= 0, so β1 is
nonzero. Furthermore, assume that the expression of β1 contains the term ρ
∗
n1+1.
Claim A. For each i ≤ k, βi is a linear combination of ρ∗∑i
j=1 nj+1
, ..., ρ∗n.
If 2 ≤ k, then β2 6= 0. We have known that
β2 ∈ Hom(Z2, Gn) \ Span{ρ
∗
n1+1, ..., ρ
∗
n1+n2}.
If the expression of β2 contains at least one of ρ
∗
1, ..., ρ
∗
n1
, without loss of generality,
we assume that β2 contains the term ρ
∗
1 in its expression. Consider the following n
facets
F1,2, ..., F1,n1+1︸ ︷︷ ︸
n1
, F2,2, ..., F2,n2+1︸ ︷︷ ︸
n2
, F3,1, ..., F3,n3︸ ︷︷ ︸
n3
, ..., Fr,1, ..., Fr,nr︸ ︷︷ ︸
nr
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which can meet at a vertex of Pn. These n facets determine the following n elements
λ1(F
(1)
2 ) = ρ
∗
2, ..., λ1(F
(1)
n1
) = ρ∗n1 , λ1(F
(1)
n1+1
) = ρ∗1 + · · ·+ ρ
∗
n1
+ β1
λ2(F
(2)
2 ) = ρ
∗
n1+2, ..., λ2(F
(2)
n2
) = ρ∗n1+n2 , λ2(F
(2)
n2+1
) = ρ∗n1+1 + · · ·+ ρ
∗
n1+n2 + β2
λ3(F
(3)
1 ) = ρ
∗
n1+n2+1, ..., λ3(F
(3)
n3
) = ρ∗n1+n2+n3
...
λr(F
(r)
1 ) = ρ
∗
n1+···+nr−1+1, ..., λ3(F
(r)
nr
) = ρ∗n
which should form a basis of Hom(Z2, Gn). However, these n elements above are
actually linearly dependent. This is because cosets
λ1(F
(1)
n1+1
) +A = λ2(F
(2)
n2+1
) +A = ρ∗1 + ρ
∗
n1+1 +A
in the quotient group Hom(Z2, Gn)/A where A is the subgroup generated by other
n − 2 elements above except for λ1(F
(1)
n1+1
) and λ2(F
(2)
n2+1
). Thus, this case is
impossible, so β2 is a linear combination of ρ
∗
n1+n2+1, ..., ρ
∗
n. This also implies that
r must be greater than 2. Without loss of generality, we may further assume that
the expression of β2 contains the term ρ
∗
n1+n2+1.
Now suppose inductively that for each i < k, βi is a linear combination of
ρ∗∑i
j=1 nj+1
, ..., ρ∗n, and the expression of βi contains the term ρ
∗∑
i
j=1 nj+1
. Consider
the case in which i = k. First, we note that up to combinatorial equivalence, Pn
is independent of the choice of product orderings of ∆n1 , ...,∆nr . In other words,
for any permutation {i1, ..., ir} of {1, ..., r}, ∆ni1 × · · · × ∆nir is combinatorially
equivalent to ∆n1 × · · · × ∆nr . Thus, by Remark 14 we can identify (∆n1 , λ1) ×
· · ·×(∆nr , λr) with (∆ni1 , λi1 )×· · ·×(∆
nir , λir ). With this understood, we change
the ordering of {1, ..., k, k + 1, ..., r} into a new ordering {2, ..., k, 1, k + 1, ..., r}, so
that β2, ..., βk in this new ordering can be regarded as β1, ..., βk−1 in the ordering
of {1, .., r}. Then we can use the inductive hypothesis to obtain that βk does not
contain anyone of ρ∗n1+1, ..., ρ
∗
n1+···+nk in its expression. Similarly, consider the
following permutations of {1, ..., r}
{3, ..., k, 1, 2, k+ 1, ..., r}, {4, ..., k, 1, 2, 3, k+ 1, ..., r}, ..., {k, 1, ..., k − 1, k + 1, ..., r}
we conclude that for i < k, the expression of βi does not contain anyone of
{ρ∗1, ..., ρ
∗
n1+···+nk
} \ {ρ∗n1+···+ni+1, ..., ρ
∗
n1+···+ni+1}.
It remains to show that the expression of βk does not contain anyone of ρ
∗
1, ..., ρ
∗
n1
.
If not, assume that the expression of βk contains the term ρ
∗
1. For i ≤ k − 1, write
λi(F
(i)
ni+1
) =
ni∑
l=1
ρ∗n1+···+ni−1+l + ρ
∗
n1+···+ni+1 + γi + γ
′
i
and for i = k, write
λk(F
(k)
nk+1
) =ρ∗n1+···+nk−1+1 + · · ·+ ρ
∗
n1+···+nk + ρ
∗
1 + γk + γ
′
k
where for i < k, γi is a linear combination of ρ
∗
n1+···+ni+2, ..., ρ
∗
n1+···+ni+1 and γk
is a linear combination of ρ∗2, ..., ρ
∗
n1
, and for i ≤ k, γ′i is a linear combination of
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ρ∗∑k
j=1 nj+1
, ..., ρ∗n. Consider the following n facets
F1,2, ..., F1,n1+1︸ ︷︷ ︸
n1
, ..., Fk,2, ..., Fk,nk+1︸ ︷︷ ︸
nk
, Fk+1,1, ..., Fk+1,nk+1︸ ︷︷ ︸
nk+1
, ..., Fr,1, ..., Fr,nr︸ ︷︷ ︸
nr
which can meet at a vertex of Pn. Then these n facets determine the following n
linearly independent elements of Hom(Z2, Gn) via λ
ρ∗2, ..., ρ
∗
n1
, λ1(F
(1)
n1+1
)︸ ︷︷ ︸
n1
, ..., ρ∗∑k−1
j=1 nj+2
, ..., ρ∗∑k
j=1 nj
, λk(F
(k)
nk+1
)︸ ︷︷ ︸
nk
,
ρ∗∑k
j=1 nj+1
, ..., ρ∗∑k+1
j=1 nj︸ ︷︷ ︸
nk+1
, ..., ρ∗∑r−1
j=1 nj+1
, ..., ρ∗n︸ ︷︷ ︸
nr
.
However, by direct calculations we have that the coset
λ1(F
(1)
n1+1
) + · · ·+ λk(F
(k)
nk+1
) +B = 0 in Hom(Z2, Gn)/B
which is impossible, whereB is the subgroup generated by ρ∗2, ..., ρ
∗
n1
, ..., ρ∗∑k−1
j=1 nj+2
,
..., ρ∗∑k
j=1 nj
, ρ∗∑k
j=1 nj+1
, ..., ρ∗n. This completes the induction and the proof of Claim
A.
By Claim A, we see that it is impossible to have βi 6= 0 for all i ≤ r since r ≤ n.
Thus, there must be at least one βi = 0. 
Corollary 6.4. If Pn is an n-cube with a Gn-coloring λ, then g(Pn,λ) = 0. More-
over, each real Bott manifold bounds equivariantly.
6.2. Structure of V∗n. Let h be a polynomial in V
∗
n. Then d(h) = 0, and by
Lemma 3.4, we have that d(σ(h)) = σ(d(h)) = 0 for any automorphism σ ∈
Aut(Hom(Z2, Gn)), so σ(h) ∈ V∗n. By Corollary 3.3, we have that there is a
squarefree homogeneous polynomial ϕ of degree n + 1 in Z2[ ̂Hom(Z2, Gn)] such
that d(ϕ) = h, and all n + 1 degree-one factors in each monomial of ϕ contain a
basis of Hom(Z2, Gn).
Now let s1 · · · sn+1 be a monomial of ϕ. Since s1, ..., sn+1 contain a basis of
Hom(Z2, Gn), we can apply an automorphism of Hom(Z2, Gn) to change this basis
into the standard basis {ρ∗1, ..., ρ
∗
n}, so without loss of generality we may assume
that s1, ..., sn+1 exactly contain the standard basis {ρ
∗
1, ..., ρ
∗
n} of Hom(Z2, Gn).
Furthermore, all possible choices of s1 · · · sn+1 are the following
ρ∗1 · · · ρ
∗
n(ρ
∗
1 + · · ·+ ρ
∗
n)
ρ∗1 · · · ρ
∗
n(ρ
∗
1 + · · ·+ ρ
∗
n−1)
...
ρ∗1 · · · ρ
∗
n(ρ
∗
1 + ρ
∗
2).
Obviously, d
(
ρ∗1 · · · ρ
∗
n(ρ
∗
1 + · · · + ρ
∗
n)
)
belongs to V∗n. If ϕ contains the monomial
ρ∗1 · · · ρ
∗
n(ρ
∗
1 + · · ·+ ρ
∗
n−1), then it must contain the monomial ρ
∗
1 · · · ρ
∗
n−1(ρ
∗
1 + · · ·+
ρ∗n−1)(ρ
∗
n+s) where s 6= 0 is a linear combination of ρ
∗
1, ..., ρ
∗
n−1. Then we see easily
that
d
(
ρ∗1 · · · ρ
∗
n(ρ
∗
1 + · · ·+ ρ
∗
n−1) + ρ
∗
1 · · · ρ
∗
n−1(ρ
∗
1 + · · ·+ ρ
∗
n−1)(ρ
∗
n + s)
)
∈ V∗n.
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Generally, if ϕ contains the monomial ρ∗1 · · · ρ
∗
n(ρ
∗
1 + · · · + ρ
∗
i ) with i > 1, then we
can write
ϕ = ρ∗1 · · · ρ
∗
i (ρ
∗
1 + · · ·+ ρ
∗
i )f + ϕ
′
where f is a squarefree homogeneous polynomial of degree n − i such that the
cosets of all degree-one factors modulo Span{ρ∗1, ..., ρ
∗
i } of each monomial of f are
also linearly independent in Hom(Z2, Gn)/Span{ρ∗1, ..., ρ
∗
i }, and each monomial of
ϕ′ does not contain ρ∗1 · · · ρ
∗
i (ρ
∗
1 + · · ·+ ρ
∗
i ). Since
h = d(ϕ) = ρ∗1 · · · ρ
∗
i (ρ
∗
1 + · · ·+ ρ
∗
i )d(f) + fd
(
ρ∗1 · · · ρ
∗
i (ρ
∗
1 + · · ·+ ρ
∗
i )
)
+ d(ϕ′)
belongs to V∗n, this forces d(f) to be zero. Thus, we conclude that
d
(
ρ∗1 · · · ρ
∗
i (ρ
∗
1 + · · ·+ ρ
∗
i )f
)
∈ V∗n.
Combining the above argument gives the following result.
Lemma 6.5. V∗n is generated by the polynomials of the following form
σ(d(ϕi)), 1 < i ≤ n
where σ ∈ Aut(Hom(Z2, Gn)), and ϕi = ρ∗1 · · · ρ
∗
i (ρ
∗
1+ · · ·+ρ
∗
i )fi with fi having the
property that fi is a nonzero squarefree homogeneous polynomial of degree n−i such
that d(fi) = 0, and if i < n, the cosets of Span{ρ
∗
1, ..., ρ
∗
i } in Hom(Z2, Gn) deter-
mined by all degree-one factors of each monomial of fi are also linearly independent
in Hom(Z2, Gn)/Span{ρ∗1, ..., ρ
∗
i }, and if i = n, fn = 1.
Definition 6.6. Let f be a squarefree homogeneous polynomial in Z2[ ̂Hom(Z2, Gn)]
with 0 < deg f ≤ n. We say that f is Gn-colorable if f is the sum of the coloring
polynomials of some deg f -dimensional simple convex polytopes P1, ..., Pl with nice
Gn-colorings λ1, ..., λl respectively, where each Pi is a product of simplices.
It is easy to see the following property:
(∗∗) If f is Gn-colorable, then for any automorphism σ ∈ Aut(Hom(Z2, Gn)),
σ(f) is Gn-colorable .
Let S denote the set formed by those nonzero squarefree homogeneous polyno-
mials f ∈ Z2[ ̂Hom(Z2, Gn)] with the following properties:
(1) d(f) = 0;
(2) 0 < deg f ≤ n;
(3) each f is associated with a subspace Vf of dimension n−deg f in Hom(Z2, Gn)
such that the cosets of Vf in Hom(Z2, Gn) determined by all degree-one fac-
tors of each monomial of f are linearly independent in Hom(Z2, Gn)/Vf .
Proposition 6.7. Let f be a polynomial in S. Then f is Gn-colorable.
Proof. We shall perform an induction on deg f . If deg f = 1, since d(f) = 0, then
there must be an even number of distinct monomials s1, ..., s2r of degree one in
Z2[ ̂Hom(Z2, Gn)] such that f = s1 + · · · + s2r. Each pair (s2i−1, s2i) can give a
Gn-coloring λi on ∆
1 with two facets colored by s2i−1, s2i respectively, so that
the coloring polynomial g(∆1,λi) of (∆
1, λi) is s2i−1 + s2i, where 1 ≤ i ≤ r. Thus
f = g(∆1,λ1) + · · ·+ g(∆1,λr), and so f is Gn-colorable.
Now suppose inductively that f is Gn-colorable if deg f ≤ k < n. Consider
the case in which deg f = k + 1. Without loss of generality, assume that Vf is
generated by ρ∗1, ..., ρ
∗
n−k−1, and there is at least one monomial of f which contains
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the degree-one factor of the form s with s + Vf = ρ
∗
n−k + Vf in Hom(Z2, Gn)/Vf
(if not, we may always use an automorphism of Hom(Z2, Gn) to do this). Then we
may write f as
(6.2) f = s1a1 + · · ·+ srar + f
′
where s1, ..., sr are distinct degree-one elements in Z2[ ̂Hom(Z2, Gn)] such that si +
Vf = ρ
∗
n−k + Vf , i = 1, ..., r, and after reducing modulo Vf , each monomial of f
′
contains no degree-one factor ρ∗n−k. Since d(f) = 0, by a direct calculation we have
that (
s1d(a1) + · · ·+ srd(ar)
)
+
(
a1 + · · ·+ ar + d(f
′)
)
= 0.
Since a1+ · · ·+ ar+ d(f
′) contains no degree-one factors s1, ..., sr, we can conclude
that s1d(a1) + · · · + srd(ar) = a1 + · · · + ar + d(f ′) = 0 in Z2[ ̂Hom(Z2, Gn)].
Moreover, from s1d(a1) + · · ·+ srd(ar) = 0, an easy argument shows that d(ai) =
0, i = 1, ..., r, so ai ∈ S, i = 1, ..., r. From a1 + · · · + ar + d(f ′) = 0, we have that
ar = a1 + · · ·+ ar−1 + d(f ′), so (6.2) becomes
f = s1a1 + · · ·+ sr−1ar−1 + sr
(
a1 + · · ·+ ar−1 + d(f
′)
)
+ f ′
= (s1 + sr)a1 + · · ·+ (sr−1 + sr)ar−1 + srd(f
′) + f ′
= (s1 + sr)a1 + · · ·+ (sr−1 + sr)ar−1 + d(srf
′).
Since deg ai = k < k + 1 and ai ∈ S, by induction hypothesis, we have that each
ai is Gn-colorable. Obviously, s1 + sr, ..., sr−1 + sr are all Gn-colorable. Thus, by
Proposition 4.10, it follows that (s1+ sr)a1+ · · ·+(sr−1+ sr)ar−1 is Gn-colorable.
Now, to complete the proof, it merely needs to show that d(srf
′) is Gn-colorable.
Our argument proceeds as follows: Write ψ = srf
′ and sr = ρ
∗
n−k + δn−k where
δn−k ∈ Vf . As is known as above, after reducing modulo Vf , each monomial of
f ′ contains no degree-one factor ρ∗n−k. Thus, ψ is actually a squarefree homoge-
neous polynomial of degree k + 2 in Z2[ ̂Hom(Z2, Gn)]. Now for each monomial
srα1 · · ·αk+1 of ψ, we know by the definition of S that ρ∗1, ..., ρ
∗
n−k−1, α1, ..., αk+1
form a basis of Hom(Z2, Gn). Then we may choose an automorphism σ of Hom(Z2, Gn)
such that the restriction of σ to Vf is the identity, and σ(srα1 · · ·αk+1) is of the
following form
ρ∗n−k · · · ρ
∗
n(ρ
∗
n−k + · · ·+ ρ
∗
n−k+j + β)
where 1 ≤ j ≤ k, and β ∈ Vf . Write
σ(ψ) = ρ∗n−k · · · ρ
∗
n−k+j(ρ
∗
n−k + ρ
∗
n−k+1 + · · ·+ ρ
∗
n−k+j + β)bj + ψ
′
where each monomial of ψ′ does not contain ρ∗n−k · · · ρ
∗
n−k+j(ρ
∗
n−k+ρ
∗
n−k+1+ · · ·+
ρ∗n−k+j+β), and the cosets of all degree-one factors modulo Span{ρ
∗
1, ..., ρ
∗
n−k+j} of
each monomial of bj are linearly independent in Hom(Z2, Gn)/Span{ρ∗1, ..., ρ
∗
n−k+j}
if j < k (otherwise, bj = 1 if j = k). In a similar way to the argument of Lemma 6.5,
by calculation we have that
d(σ(ψ)) =ρ∗n−k · · · ρ
∗
n−k+j(ρ
∗
n−k + ρ
∗
n−k+1 + · · ·+ ρ
∗
n−k+j + β)d(bj)
+ bjd
(
ρ∗n−k · · · ρ
∗
n−k+j(ρ
∗
n−k + ρ
∗
n−k+1 + · · ·+ ρ
∗
n−k+j + β)
)
+ d(ψ′).
Since d(σ(ψ)) ∈ S, this forces d(bj) to be zero, so bj ∈ S if j < k. This means that ψ
is a linear combination of the polynomials τ(ψj), where ψj = ρ
∗
n−k · · · ρ
∗
n−k+j(ρ
∗
n−k+
ρ∗n−k+1+· · ·+ρ
∗
n−k+j+β)bj with bj ∈ S if j < k and bk = 1 if j = k, and τ is chosen
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in Aut(Hom(Z2, Gn)) such that the restriction of τ to Vf is the identity. We see from
the proof of Lemma 6.2 that d
(
ρ∗n−k · · · ρ
∗
n−k+j(ρ
∗
n−k+ρ
∗
n−k+1+ · · ·+ρ
∗
n−k+j +β)
)
is Gn-colorable. When j < k, we have that deg bj = k − j < deg f = k + 1, so by
induction hypothesis again, bj is Gn-colorable. Then we obtain by Proposition 4.10
that for 1 ≤ j ≤ k,
d(ψj) = bjd
(
ρ∗n−k · · · ρ
∗
n−k+j(ρ
∗
n−k + ρ
∗
n−k+1 + · · ·+ ρ
∗
n−k+j + β)
)
is Gn-colorable. Moreover, since d(ψ) is a linear combination of the polynomials
d(τ(ψj)) and since d(τ(ψj)) = τ(d(ψj)) by Lemma 3.4, we then conclude by the
property (∗∗) that d(ψ) is Gn-colorable. This completes the proof. 
Corollary 6.8. Each polynomial of V∗n is Gn-colorable.
Proof. This is because each polynomial of V∗n also belongs to S. 
Corollary 6.9. Zn(Gn) is generated by the classes of small covers over ∆n1×· · ·×
∆nℓ where n1 + · · ·+ nℓ = n.
Proof. We note that by [11, §1.5. The basic construction], each Gn-colored simple
convex n-polytope (Pn, λ) can reconstruct an n-dimensional small cover M(Pn, λ)
over Pn, and by Proposition 4.7, φn({M(Pn, λ)}) is the dual polynomial of g(Pn,λ) ∈
V∗n. Then Corollary 6.9 immediately follows from Proposition 6.1 and Corol-
lary 6.8. 
6.3. Proofs of Theorems 2.5–2.6. Now we can first give the proof of Theo-
rem 2.6.
Proof of Theorem 2.6. This is a direct consequence of Corollary 6.9 and Proposi-
tion 4.10. 
Next let us finish the proof of Theorem 2.5.
Proof of Theorem 2.5. We have known from the proof of Corollary 6.9 that the Gn-
coloring polynomial of each Gn-colored simple convex n-polytope (P
n, λ) uniquely
determines an equivariant unoriented cobordism class containing the small cover
M(Pn, λ) over Pn as its representative. Thus, by Proposition 6.1 we only need
to show that each polynomial in V∗n is the Gn-coloring polynomial of a Gn-colored
simple convex n-polytope. In order to prove this, by Corollary 6.8 it suffices to
show that
Claim B. Let f1 and f2 be two polynomials in V
∗
n. If f1 and f2 are the coloring
polynomials of two Gn-colored simple convex n-polytopes (P1, λ1) and (P2, λ2) re-
spectively, then f1 + f2 is the coloring polynomial of a Gn-colored simple convex
n-polytope, too.
If f1 and f2 have the same monomial s1 · · · sn, then there must be a vertex v1
of P1 and a vertex v2 of P2 such that the coloring monomials of v1 and v2 are
same and equal to s1 · · · sn, i.e., λ1v1 = λ2v2 = s1 · · · sn. Now by Proposition 4.12
we can perform a connected sum P1♯v1,v2P2 of (P1, λ1) and (P2, λ2) at v1 and v2,
such that P1♯v1,v2P2 is a simple convex polytope and naturally admits a Gn-coloring
λ1♯v1,v2λ2 induced by λ1 and λ2, and in particular, f1+f2 is the coloring polynomial
of (P1♯v1,v2P2, λ1♯v1,v2λ2).
Suppose that f1 and f2 contain no same monomial. If f1 contains a monomial
s1s2 · · · sn but f2 contains a monomial s˜1s2 · · · sn, then there must be a vertex v1
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of P1 and a vertex v2 of P2 such that λ1v1 = s1s2 · · · sn and λ2v2 = s˜1s2 · · · sn.
Consider the colored simple convex polytope Q1 = ∆
n−1 × ∆1 with coloring λ′
such that n facets F1 ×∆1, ..., Fn ×∆1 are colored by s2, ..., sn, s2 + · · · + sn and
two facets ∆n−1 × ∗1,∆n−1 × ∗2 are colored by s1, s˜1, where F1, ..., Fn denote all
facets of ∆n−1 and ∗1, ∗2 denote two facets of ∆
1. Obviously, there are two vertices
u1, u2 of Q1 such that λ
′
u1
= s1s2 · · · sn and λ′u2 = s˜1s2 · · · sn. Choose a vertex q1
of Q1 such that λ
′
q1
= s1s3 · · · sn(s2 + · · ·+ sn). Then we can perform a connected
sum of P1, P2, Q1 to get the following simple convex polytope
P = P1♯v1,u1Q1♯q1,q1Q1♯u2,v2P2
which admits a Gn-coloring λ determined by λ1, λ2, λ
′. Furthermore, by Proposi-
tion 4.12 we see that f1 + f2 is the coloring polynomial of (P, λ).
Generally, if f1 contains a monomial s1s2 · · · sn but f2 contains a different mono-
mial s˜1s˜2 · · · s˜n, using the above constructed colored polytope (Q1, λ′), we first can
obtain a colored simple convex polytope (P1♯v1,u1Q1♯q1,q1Q1, λ
(1)) such that there is
a vertex p1 with its coloring monomial λ
(1)
p1 = s˜1s2 · · · sn. In the same way as above,
we construct a colored simple convex polytope Q2 = ∆
n−1 ×∆1 with coloring λ′′
such that n facets F1×∆1, ..., Fn×∆1 are colored by s˜1, s3, ..., sn, s˜1+s3+· · ·+sn and
two facets ∆n−1×∗1,∆n−1×∗2 are colored by s2, s˜2. In particular, it is not difficult
to see that there are two vertices p′1 and p
′′
1 such that λ
′′
p′1
= s˜1s2 · · · sn and λ′′p′′1
=
s˜1s˜2s3 · · · sn. Take the vertex q2 in Q2 such that λ′′q2 = s2 · · · sn(s˜1 + s3+ · · ·+ sn).
Now by doing connected sum we can construct the following colored simple convex
polytope
(P1♯v1,u1Q1♯q1,q1Q1♯p1,p′1Q2♯q2,q2Q2, λ
(2))
such that there is a vertex p2 with λ
(2)
p2 = s˜1s˜2s3 · · · sn in this new colored simple
convex polytope. Continuing this procedure, we can further construct a series of
colored simple convex polytopes Q3, ..., Qn, so that finally we can obtain a colored
simple convex polytope
P ′ = P1♯v1,u1Q1♯q1,q1Q1♯p1,p′1Q2♯q2,q2Q2♯p2,p′2 · · · ♯pn−1,p′n−1Qn♯qn,qnQn
with Gn-coloring λ
(n) such that there is a vertex pn of P
′ with λ
(n)
pn = s˜1s˜2 · · · s˜n.
Now let v2 be the vertex of P2 such that λ2v2 = s˜1s˜2 · · · s˜n. Then we can get a
colored simple convex polytope (P ′♯pn,v2P2, λ) as desired. Thus, Claim B holds.
This completes the proof of Theorem 2.5. 
Corollary 6.10. A faithful Gn-polynomial g ∈ Z2[ ̂Hom(Gn,Z2)] belongs to Imφn
if and only if its dual polynomial g∗ is the Gn-coloring polynomial of a Gn-colored
simple convex polytope (Pn, λ).
6.4. Determination of Z4(G4). By Proposition 6.1, it suffices to determine the
concrete structure of V∗4 .
Lemma 6.11. V∗4 is generated by the polynomials of the form
d
(
s1s2(s1 + s2)
)
d
(
s3s4(s3 + s4 + εs1)
)
where {s1, s2, s3, s4} is a basis of Hom(Z2, G4) and ε = 0 or 1.
Proof. First, Corollary 6.8 tells us that V∗4 is generated by coloring polynomi-
als of colored polytopes (∆4, λ4), (∆
3 × ∆1, λ31) and (∆
2 × ∆2, λ22). By direct
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calculations, we may obtain that the coloring polynomials of colored polytopes
(∆4, λ4), (∆
3 ×∆1, λ31) and (∆2 ×∆2, λ22) are of the forms
h1 = d
(
s1s2s3s4(s1 + s2 + s3 + s4)
)
h2 = d
(
s1s2s3s4(s1 + s2 + s3) + s1s2s3(s1 + s2 + s3)(s4 + s1 + as2)
)
h3 = d
(
s1s2(s1 + s2)
)
d
(
s3s4(s3 + s4 + εs1)
)
respectively, where a, ε = 0 or 1. Set Λi = {σ(hi)|σ ∈ Aut(Hom(Z2, G4))}. Now,
to complete the proof, it suffices to prove that
Claim C. For each h ∈ Λ1 ∪ Λ2, h is a linear combination of polynomials in Λ3.
Up to automorphisms of Hom(Z2, G4), this is equivalent to showing that h1
and h2 can be expressed as linear combinations of polynomials in Λ3. By direct
calculations we have that h1 = h11 + h12 where{
h11 = d
(
s1(s1 + s2)s3s4(s1 + s2 + s3 + s4) + s2(s1 + s2)s3s4(s1 + s2 + s3 + s4)
)
h12 = d
(
s1s2(s1 + s2)
)
d
(
s3s4(s1 + s2 + s3 + s4)
)
.
and
h2 = h21 + h22 +
{
h23 + h24 if a = 1
h′23 + h
′
24 + h25 + h26 if a = 0
where
h21 = d
(
s2s3(s2 + s3)
)
d
(
s1s4(s1 + s4 + as2)
)
h22 = d
(
s2s3(s2 + s3)
)
d
(
s4(s1 + s2 + s3)
(
s4 + (s1 + s2 + s3) + as2 + s2 + s3
))
h23 = d
(
s1(s2 + s3)(s1 + s2 + s3)
)
d
(
s3s4
(
s3 + s4 + (s1 + s2 + s3)
))
h24 = d
(
s1(s2 + s3)(s1 + s2 + s3)
)
d
(
s2s4
(
s2 + s4 + s1)
))
h′23 = d
(
s1(s2 + s3)(s1 + s2 + s3)
)
d
(
s3s4(s3 + s4)
)
h′24 = d
(
s1(s2 + s3)(s1 + s2 + s3)
)
d
(
s2s4
(
s2 + s4 + (s2 + s3)
))
h25 = d
(
s1(s2 + s3)(s1 + s2 + s3)
)
d
(
s2(s1 + s4)
(
s2 + (s1 + s4) + (s1 + s2 + s3)
))
h26 = d
(
s1(s2 + s3)(s1 + s2 + s3)
)
d
(
s3(s1 + s4)
(
s3 + (s1 + s4) + s1
))
.
It is easy to check that h11 ∈ Λ2 and h12, h21, h22, h23, h24, h
′
23, h
′
24, h25, h26 ∈ Λ3.
This proves Claim C, and thus we complete the proof of Lemma 6.11. 
Proof of Proposition 2.7. We have known from Lemma 6.11 that V∗4 is generated by
those polynomials of the form d
(
s1s2(s1+s2)
)
d
(
s3s4(s3+s4+εs1)
)
, each of which is
the coloring polynomial of a colored polytope (∆2 ×∆2, λ22), where {s1, s2, s3, s4}
is a basis of Hom(Z2, G4) and ε = 0 or 1. Then it immediately follows that Z4(G4)
is generated by the classes of small covers over ∆2 ×∆2.
Now let us consider the dimension of Z4(G4). This is equivalent to determin-
ing the dimension of V∗4 . By W4 we denote the linear space generated by those
degree-four monomials of Z2[ ̂Hom(Z2, G4)] whose dual monomials are all faithful.
Then dimZ2 W4 is equal to the number of all bases in Hom(Z2, G4) ∼= (Z2)
4, so
by [19, Remark 2.1], dimZ2 W4 = 840. As a subspace of W4, V
∗
4 is generated by
all polynomials of the form d
(
s1s2(s1 + s2)
)
d
(
s3s4(s3 + s4 + εs1)
)
. Thus, we need
to determine a maximal linearly independent subset of all polynomials of the form
d
(
s1s2(s1+ s2)
)
d
(
s3s4(s3+ s4+ εs1)
)
in W4. To do this, we can give an algorithm
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and write a computer program to find such a maximal linearly independent subset,
which exactly contains 510 polynomials (we shall state the algorithm and list all
elements of a basis of V∗4 in Section 9 as an appendix). Thus we conclude that
dimZ2 V
∗
4 = dimZ2 Z4(G4) = 510. 
Remark 15. In a similar way to Lemma 6.11, we conclude easily that V∗3 is generated
by the polynomials of the form
d
(
s1s2(s1 + s2)
)
d
(
s3(s1 + s3)
)
where {s1, s2, s3} is a basis of Hom(Z2, G3). So Z3(G3) is generated by the classes
of small covers over ∆1 ×∆2. We can also list a basis of V∗3 as follows:
d(x1x6x7)d(x2x5) d(x1x6x7)d(x3x4) d(x2x5x7)d(x3x4) d(x2x5x7)d(x1x6)
d(x3x4x7)d(x2x5) d(x3x4x7)d(x1x6) d(x3x5x6)d(x2x4) d(x3x5x6)d(x1x7)
d(x2x4x6)d(x1x7) d(x1x4x5)d(x3x6) d(x1x4x5)d(x2x7) d(x2x5x7)d(x1x4)
d(x3x4x7)d(x2x6)
where x1, x2, ..., x7 denote the 7 nontrivial elements in Hom(Z2, G3) with
x1 = ρ
∗
1 x2 = ρ
∗
2
x3 = ρ
∗
1 + ρ
∗
2 x4 = ρ
∗
3
x5 = ρ
∗
1 + ρ
∗
3 x6 = ρ
∗
2 + ρ
∗
3
x7 = ρ
∗
1 + ρ
∗
2 + ρ
∗
3 {ρ
∗
1, ρ
∗
2, ρ
∗
3} is the standard basis of Hom(Z2, G3).
Therefore, we obtain that dimZ2 Z3(G3) = 13. Example 4.2 provides us a non-
bounding effective (Z2)
3-action on S1 × RP 2 with ∆1 ×∆2 as its orbit space, and
applying automorphisms of (Z2)
3 to this effective action can give all required basis
elements of Z3(G3).
7. A summary and further problems
Together with Theorems 2.3, 4.2 and Corollaries 2.4, 6.10, we see that there are
some essential relationships among 2-torus manifolds, coloring polynomials, colored
simple convex polytopes, colored graphs, which are stated as follows:
Theorem 7.1. Let g =
∑
i ti,1 · · · ti,n be a faithful Gn-polynomial in Z2[
̂Hom(Gn,Z2)].
Then the following statements are all equivalent.
(1) g ∈ Imφn (i.e., there is an n-dimensional 2-torus manifold Mn such that∑
p∈MG [τpM ] = g);
(2) g is the Gn-coloring polynomial of a Gn-colored graph (Γ, α);
(3) g =
∑
i ti,1 · · · ti,n possesses the property that for any symmetric polynomial
function f(x1, ..., xn) over Z2,∑
i
f(ti,1, ..., ti,n)
ti,1 · · · ti,n
∈ Z2[Hom(Gn,Z2)];
(4) d(g∗) = 0;
(5) g∗ is the Gn-coloring polynomial of a Gn-colored simple convex polytope
(Pn, λ)
where g∗ is the dual polynomial of g.
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Based upon the above equivalent results, it seems to be interesting to discuss the
properties of regular graphs and simple convex polytopes. We see by Theorem 2.5
and Proposition 4.7 that Γ in Theorem 7.1(2) can actually be chosen as the 1-
skeleton of a polytope. However, for a Gn-colored graph (Γ, α), we don’t know when
Γ will become the 1-skeleton of a polytope. Indeed, given a graph, to determine
whether it is the 1-skeleton of a polytope or not is a quite difficult problem except for
the known Steinitz theorem (see [14]). In addition, Corollary 4.11 gives a sufficient
condition that a simple convex polytope with a coloring is indecomposable. These
observations lead us to pose the following problems:
(P1) For aGn-colored graph (Γ, α), under what condition will Γ be the 1-skeleton
of a polytope?
(P2) Given a Gn-colored simple convex polytope (P
n, λ), can we give a necessary
and sufficient condition that Pn is indecomposable?
Remark 16. On the problem (P2), it is not difficult to see from the proof of Theo-
rem 2.5 that if Pn is indecomposable, then g(Pn,λ) may not be indecomposable in
Z2[ ̂Hom(Z2, Gn)]. However, if we add a restriction condition that the number of all
monomials of g(Pn,λ) is equal to that of all vertices of P
n, then an easy argument
shows that when n = 3, P 3 is indecomposable if and only if g(P 3,λ) is indecom-
posable in Z2[ ̂Hom(Z2, G3)]. It should be reasonable to conjecture that this is also
true in the higher-dimensional case.
8. The reformulation of the existence theorem of tom Dieck–a
simple proof of Theorem 2.2
8.1. The existence theorem of tom Dieck. First let us review tom Dieck’s
work. Following [12, page 216], let Z2[UA] be the polynomial ring on 2
n − 1 gen-
erators UA, where A runs through the non-empty subsets of {1, 2, ..., n}, and each
UA is regarded as a nontrivial irreducible real Gn-module. Let
L = Z2[b1, b2, ...][[w(1), ..., w(n)]]
be the ring of formal power series in w(1), ..., w(n) over the polynomial ring Z2[b1, b2, ...]
in a countable number of indeterminates b1, b2, .... Then tom Dieck defines a ring
homomorphism
γ : Z2[UA] −→ K
into the quotient field K of L by mapping UA to
1
wA
(1 + b1wA + b2w
2
A + b3w
3
A + · · · )
where wA =
∑
j∈A w(j). Let M
m be a compact closed smooth Gn-manifold with
fixed point set consisting only of isolated points p1, ..., pr. Let
Ts =
⊕
A
U
m(A,s)
A
be the tangential Gn-module at ps. Let ϕ[M
m] ∈ Z2[UA] be the element
r∑
s=1
∏
A
U
m(A,s)
A ,
which is called geometric. The geometric elements form a subring of Z2[UA]. Now
the existence theorem of tom Dieck may be stated as follows.
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Theorem 8.1 (tom Dieck [12]). An element x ∈ Z2[UA] is geometric if and only
if γ(x) is contained in L.
8.2. A simple proof of Theorem 2.2. Now let us show how to get our Theorem
2.2 from the existence theorem of tom Dieck.
Since each UA is regarded as a non-trivial irreducible real Gn-modules, we see
that Z2[UA, ∅] is exactly identified with R∗(Gn) =
∑
m≥0Rm(Gn). Therefore, the
above map ϕ is actually the Stong monomorphism
φ∗ : Z∗(Gn) −→ R∗(Gn).
On the other hand, we see that the wA actually corresponds to the equivariant
Euler class of the UA, so it belongs to H
1(BGn;Z2). Thus,
L = Z2[b1, b2, ...][[w(1), ..., w(n)]]
can be regarded as
H∗(BGn;Z2)[b1, b2, ...].
Furthermore,
γ : Z2[UA] −→ K
can be regarded as
γ : R∗(Gn) −→ S
−1H∗(BGn;Z2)[b1, b2, ...]
where S = H1(BGn;Z2) \ {0}. Now, let τ1 + · · · + τr be an element in Rm(Gn).
Then by Theorem 8.1, we have that x = τ1 + · · · + τr ∈ Imφm if and only if
γ(x) ∈ H∗(BGn;Z2)[b1, b2, ...].
Write τs =
∏
A U
m(A,s)
A which ism-dimenional. Then τ1+· · ·+τr =
∑r
s=1
∏
A U
m(A,s)
A .
We note that γ is a ring homomorphism. Thus
γ(τ1 + · · ·+ τr) =
r∑
s=1
∏
A
γ(U
m(A,s)
A ).
For each τs, write χ
Gn(τs) = ts,1 · · · ts,m (i.e., the equivariant Euler class of τs),
where ts,j ∈ H1(BGn;Z2). Then we have that
γ(τs) =
m∏
j=1
1
ts,j
(1 + ts,jb1 + t
2
s,jb2 + t
3
s,jb3 + · · · )
=
1
ts,1 · · · ts,m
{1 + (ts,1 + · · ·+ ts,m)b1 + (ts,1ts,2 + · · ·+ ts,m−1ts,m)b
2
1
+ (t2s,1 + · · ·+ t
2
s,m)b2 + · · · }
=
1
χ(Z2)n(τs)
∑
ω=(i1,...,iu)
u≤m
Sω(ts,1, ..., ts,m)bω
where ω = (i1, ..., iu) is a partition of |ω| = i1 + · · · + iu, Sω(ts,1, ..., ts,m) =∑
ti1s,1 · · · t
iu
s,u denotes the usual smallest symmetric polynomial containing the given
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monomial, and bω =
∏u
j=1 bij . Therefore,
γ(x) = γ(τ1 + · · ·+ τr)
=
r∑
s=1
1
χ(Z2)n(τs)
∑
ω=(i1,...,iu)
u≤m
Sω(ts,1, ..., ts,m)bω.
This induces that γ(x) ∈ H∗(BGn;Z2)[b1, b2, ...] if and only if for all partitions
ω = (i1, ..., iu) with u ≤ m,
r∑
s=1
Sω(ts,1, ..., ts,m)
χGn(τs)
∈ H∗(BGn;Z2).
It is well-known (see also [24]) that the polynomial sub-algebra of Z2[x1, ..., xm]
generated by all Sω(x1, ..., xm), |ω| ≥ 0 is identified with the sub-algebra generated
by all elementary symmetric polynomial functions σi(x1, ..., xm), 0 ≤ i ≤ m. It fol-
lows that γ(x) ∈ H∗(BGn;Z2)[b1, b2, ...] if and only if for all symmetric polynomial
functions f(x1, ..., xm) over Z2,
r∑
s=1
f(ts,1, ..., ts,m)
χGn(τs)
∈ H∗(BGn;Z2).
Combining with the above arguments, we obtain the required statement of Theorem
2.2, which says that τ1+ · · ·+τr ∈ Imφm if and only if for all symmetric polynomial
functions f(x1, ..., xm) over Z2,
r∑
s=1
f(ts,1, ..., ts,m)
χGn(τs)
∈ H∗(BGn;Z2).
This completes the proof. 
9. Appendix–An algorithm to determine a basis of V∗4
Here we introduce an algorithm how to produce a basis of V∗4 . As shown in the
proof of Proposition 2.7, to get a basis of V∗4 , we need to determine a maximal
linearly independent subset of those polynomials of two types f1 = d
(
s1s2(s1 +
s2)
)
d
(
s3s4(s3 + s4)
)
and f2 = d
(
s1s2(s1 + s2)
)
d
(
s3s4(s1 + s3 + s4)
)
in W4.
Regarded each monomial of W4 as a basis of (Z2)4 (as a 4-dimensional linear
space over Z2). Then W4 is a 840-dimensional linear space generated by all bases
of (Z2)
4, and each polynomial of type fi is a linear combination of 9 bases of (Z2)
4.
Now our algorithm is divided into the following four steps:
Step 1. Fixed an ordered basis ofW4, which can be written as a 4×(840×4)-matrix
A such that for each i = 1, 2, ..., 840, the collection of the (4i−3)-th, (4i−2)-
th, (4i− 1)-th, (4i)-th columns in A forms a basis of (Z2)4.
Step 2. Compute out 840-tuple coordinate vectors of all polynomials of types f1
and f2 relative to this ordered basis of W4, where each coordinate vector
has only 9 nonzero coordinates 1. Then we use these coordinate vectors as
rows to produce a matrix B.
Step 3. Do elementary column operations on B to determine the rank of B which
is exactly the dimension of V∗4 , and choose a maximal linearly independent
subset from all rows of B, which gives a matrix L.
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Step 4. Compare the matrix A and the matrix L, we can read out the required
basis of V∗4 .
Based upon this algorithm, we can write a computer program to find a basis of
V∗4 , which exactly consists of 510 polynomials, listed as follows:
1 (1; 14; 15; 6; 11; 13) (1; 14; 15; 7; 10; 13) (1; 14; 15; 4; 9; 13) (1; 14; 15; 5; 8; 13) (1; 14; 15; 7; 11; 12)
2 (1; 14; 15; 6; 10; 12) (1; 14; 15; 5; 9; 12) (1; 14; 15; 4; 8; 12) (1; 14; 15; 2; 9; 11) (1; 14; 15; 3; 8; 11)
3 (1; 14; 15; 3; 9; 10) (1; 14; 15; 2; 8; 10) (1; 14; 15; 2; 5; 7) (1; 14; 15; 3; 4; 7) (1; 14; 15; 3; 5; 6)
4 (1; 14; 15; 2; 4; 6) (2; 13; 15; 7; 11; 12) (2; 13; 15; 6; 10; 12) (2; 13; 15; 5; 9; 12) (2; 13; 15; 4; 8; 12)
5 (1; 10; 11; 2; 13; 15) (2; 13; 15; 3; 8; 11) (2; 13; 15; 5; 11; 14) (2; 13; 15; 3; 9; 10) (2; 13; 15; 4; 10; 14)
6 (1; 8; 9; 2; 13; 15) (2; 13; 15; 7; 9; 14) (2; 13; 15; 6; 8; 14) (1; 6; 7; 2; 13; 15) (2; 13; 15; 3; 4; 7)
7 (2; 13; 15; 3; 5; 6) (1; 4; 5; 2; 13; 15) (1; 10; 11; 3; 12; 15) (2; 9; 11; 3; 12; 15) (3; 12; 15; 6; 11; 13)
8 (3; 12; 15; 5; 11; 14) (2; 8; 10; 3; 12; 15) (3; 12; 15; 7; 10; 13) (3; 12; 15; 4; 10; 14) (1; 8; 9; 3; 12; 15)
9 (3; 12; 15; 7; 9; 14) (3; 12; 15; 4; 9; 13) (3; 12; 15; 6; 8; 14) (3; 12; 15; 5; 8; 13) (1; 6; 7; 3; 12; 15)
10 (2; 5; 7; 3; 12; 15) (2; 4; 6; 3; 12; 15) (1; 4; 5; 3; 12; 15) (3; 9; 10; 4; 11; 15) (2; 8; 10; 4; 11; 15)
11 (4; 11; 15; 7; 10; 13) (4; 11; 15; 6; 10; 12) (1; 8; 9; 4; 11; 15) (4; 11; 15; 7; 9; 14) (4; 11; 15; 5; 9; 12)
12 (4; 11; 15; 6; 8; 14) (4; 11; 15; 5; 8; 13) (1; 6; 7; 4; 11; 15) (2; 5; 7; 4; 11; 15) (3; 5; 6; 4; 11; 15)
13 (1; 2; 3; 4; 11; 15) (1; 8; 9; 5; 10; 15) (5; 10; 15; 7; 9; 14) (4; 9; 13; 5; 10; 15) (2; 9; 11; 5; 10; 15)
14 (5; 10; 15; 6; 8; 14) (4; 8; 12; 5; 10; 15) (3; 8; 11; 5; 10; 15) (1; 6; 7; 5; 10; 15) (3; 4; 7; 5; 10; 15)
15 (2; 4; 6; 5; 10; 15) (1; 2; 3; 5; 10; 15) (5; 8; 13; 6; 9; 15) (4; 8; 12; 6; 9; 15) (3; 8; 11; 6; 9; 15)
16 (2; 8; 10; 6; 9; 15) (2; 5; 7; 6; 9; 15) (3; 4; 7; 6; 9; 15) (1; 4; 5; 6; 9; 15) (1; 2; 3; 6; 9; 15)
17 (3; 5; 6; 7; 8; 15) (2; 4; 6; 7; 8; 15) (1; 4; 5; 7; 8; 15) (1; 2; 3; 7; 8; 15) (3; 13; 14; 7; 11; 12)
18 (3; 13; 14; 6; 10; 12) (3; 13; 14; 5; 9; 12) (3; 13; 14; 4; 8; 12) (1; 10; 11; 3; 13; 14) (2; 9; 11; 3; 13; 14)
19 (3; 13; 14; 4; 11; 15) (2; 8; 10; 3; 13; 14) (3; 13; 14; 5; 10; 15) (1; 8; 9; 3; 13; 14) (3; 13; 14; 6; 9; 15)
20 (3; 13; 14; 7; 8; 15) (1; 6; 7; 3; 13; 14) (2; 5; 7; 3; 13; 14) (2; 4; 6; 3; 13; 14) (1; 4; 5; 3; 13; 14)
21 (1; 10; 11; 2; 12; 14) (2; 12; 14; 3; 8; 11) (2; 12; 14; 6; 11; 13) (2; 12; 14; 4; 11; 15) (2; 12; 14; 3; 9; 10)
22 (2; 12; 14; 7; 10; 13) (2; 12; 14; 5; 10; 15) (1; 8; 9; 2; 12; 14) (2; 12; 14; 6; 9; 15) (2; 12; 14; 4; 9; 13)
23 (2; 12; 14; 7; 8; 15) (2; 12; 14; 5; 8; 13) (1; 6; 7; 2; 12; 14) (2; 12; 14; 3; 4; 7) (2; 12; 14; 3; 5; 6)
24 (1; 4; 5; 2; 12; 14) (3; 9; 10; 5; 11; 14) (2; 8; 10; 5; 11; 14) (5; 11; 14; 7; 10; 13) (5; 11; 14; 6; 10; 12)
25 (1; 8; 9; 5; 11; 14) (5; 11; 14; 6; 9; 15) (4; 9; 13; 5; 11; 14) (5; 11; 14; 7; 8; 15) (4; 8; 12; 5; 11; 14)
26 (1; 6; 7; 5; 11; 14) (3; 4; 7; 5; 11; 14) (2; 4; 6; 5; 11; 14) (1; 2; 3; 5; 11; 14) (1; 8; 9; 4; 10; 14)
27 (4; 10; 14; 6; 9; 15) (4; 10; 14; 5; 9; 12) (2; 9; 11; 4; 10; 14) (4; 10; 14; 7; 8; 15) (4; 10; 14; 5; 8; 13)
28 (3; 8; 11; 4; 10; 14) (1; 6; 7; 4; 10; 14) (2; 5; 7; 4; 10; 14) (3; 5; 6; 4; 10; 14) (1; 2; 3; 4; 10; 14)
29 (5; 8; 13; 7; 9; 14) (4; 8; 12; 7; 9; 14) (3; 8; 11; 7; 9; 14) (2; 8; 10; 7; 9; 14) (3; 5; 6; 7; 9; 14)
30 (2; 4; 6; 7; 9; 14) (1; 4; 5; 7; 9; 14) (1; 2; 3; 7; 9; 14) (2; 5; 7; 6; 8; 14) (3; 4; 7; 6; 8; 14)
31 (1; 4; 5; 6; 8; 14) (1; 2; 3; 6; 8; 14) (1; 12; 13; 2; 9; 11) (1; 12; 13; 3; 8; 11) (1; 12; 13; 5; 11; 14)
32 (1; 12; 13; 4; 11; 15) (1; 12; 13; 3; 9; 10) (1; 12; 13; 2; 8; 10) (1; 12; 13; 5; 10; 15) (1; 12; 13; 4; 10; 14)
33 (1; 12; 13; 7; 9; 14) (1; 12; 13; 6; 9; 15) (1; 12; 13; 7; 8; 15) (1; 12; 13; 6; 8; 14) (1; 12; 13; 2; 5; 7)
34 (1; 12; 13; 3; 4; 7) (1; 12; 13; 3; 5; 6) (1; 12; 13; 2; 4; 6) (3; 9; 10; 6; 11; 13) (2; 8; 10; 6; 11; 13)
35 (5; 10; 15; 6; 11; 13) (4; 10; 14; 6; 11; 13) (1; 8; 9; 6; 11; 13) (6; 11; 13; 7; 9; 14) (5; 9; 12; 6; 11; 13)
36 (6; 11; 13; 7; 8; 15) (4; 8; 12; 6; 11; 13) (2; 5; 7; 6; 11; 13) (3; 4; 7; 6; 11; 13) (1; 4; 5; 6; 11; 13)
37 (1; 2; 3; 6; 11; 13) (1; 8; 9; 7; 10; 13) (6; 9; 15; 7; 10; 13) (5; 9; 12; 7; 10; 13) (2; 9; 11; 7; 10; 13)
38 (6; 8; 14; 7; 10; 13) (4; 8; 12; 7; 10; 13) (3; 8; 11; 7; 10; 13) (3; 5; 6; 7; 10; 13) (2; 4; 6; 7; 10; 13)
39 (1; 4; 5; 7; 10; 13) (1; 2; 3; 7; 10; 13) (4; 9; 13; 7; 8; 15) (4; 9; 13; 6; 8; 14) (3; 8; 11; 4; 9; 13)
40 (2; 8; 10; 4; 9; 13) (1; 6; 7; 4; 9; 13) (2; 5; 7; 4; 9; 13) (3; 5; 6; 4; 9; 13) (1; 2; 3; 4; 9; 13)
41 (1; 6; 7; 5; 8; 13) (3; 4; 7; 5; 8; 13) (2; 4; 6; 5; 8; 13) (1; 2; 3; 5; 8; 13) (3; 9; 10; 7; 11; 12)
42 (2; 8; 10; 7; 11; 12) (5; 10; 15; 7; 11; 12) (4; 10; 14; 7; 11; 12) (1; 8; 9; 7; 11; 12) (6; 9; 15; 7; 11; 12)
43 (4; 9; 13; 7; 11; 12) (6; 8; 14; 7; 11; 12) (5; 8; 13; 7; 11; 12) (3; 5; 6; 7; 11; 12) (2; 4; 6; 7; 11; 12)
44 (1; 4; 5; 7; 11; 12) (1; 2; 3; 7; 11; 12) (1; 8; 9; 6; 10; 12) (6; 10; 12; 7; 9; 14) (4; 9; 13; 6; 10; 12)
45 (2; 9; 11; 6; 10; 12) (6; 10; 12; 7; 8; 15) (5; 8; 13; 6; 10; 12) (3; 8; 11; 6; 10; 12) (2; 5; 7; 6; 10; 12)
46 (1; 4; 5; 6; 10; 12) (1; 2; 3; 6; 10; 12) (5; 9; 12; 7; 8; 15) (3; 8; 11; 5; 9; 12) (2; 8; 10; 5; 9; 12)
47 (1; 6; 7; 5; 9; 12) (1; 2; 3; 5; 9; 12) (1; 6; 7; 4; 8; 12) (1; 2; 3; 4; 8; 12) (1; 10; 11; 7; 9; 14)
48 (1; 10; 11; 6; 9; 15) (1; 10; 11; 5; 9; 12) (1; 10; 11; 4; 9; 13) (1; 10; 11; 7; 8; 15) (1; 10; 11; 6; 8; 14)
49 (1; 10; 11; 5; 8; 13) (1; 10; 11; 4; 8; 12) (1; 10; 11; 2; 5; 7) (1; 10; 11; 3; 4; 7) (1; 10; 11; 3; 5; 6)
50 (1; 10; 11; 2; 4; 6) (2; 9; 11; 7; 8; 15) (2; 9; 11; 6; 8; 14) (1; 6; 7; 2; 9; 11) (2; 9; 11; 3; 4; 7)
51 (2; 9; 11; 3; 5; 6) (1; 4; 5; 2; 9; 11) (1; 6; 7; 3; 8; 11) (2; 5; 7; 3; 8; 11) (2; 4; 6; 3; 8; 11)
52 (1; 4; 5; 3; 8; 11) (3; 9; 10; 7; 8; 15) (1; 6; 7; 3; 9; 10) (1; 6; 7; 2; 8; 10) (1; 8; 9; 2; 5; 7)
53 (1; 14; 15; 9; 11; 13) (1; 14; 15; 8; 10; 13) (1; 14; 15; 5; 7; 13) (1; 14; 15; 4; 6; 13) (1; 14; 15; 8; 11; 12)
54 (1; 14; 15; 9; 10; 12) (1; 14; 15; 4; 7; 12) (1; 14; 15; 5; 6; 12) (1; 14; 15; 3; 7; 11) (1; 14; 15; 2; 6; 11)
55 (1; 14; 15; 2; 7; 10) (1; 14; 15; 3; 6; 10) (2; 13; 15; 81112) (2; 13; 15; 9; 10; 12) (2; 13; 15; 4; 7; 12)
56 (2; 13; 15; 5; 6; 12) (2; 13; 15; 10; 11; 14) (2; 13; 15; 3; 7; 11) (2; 13; 15; 1; 5; 11) (2; 13; 15; 3; 6; 10)
57 (2; 13; 15; 1; 4; 10) (2; 13; 15; 8; 9; 14) (2; 13; 15; 1; 7; 9) (2; 13; 15; 1; 6; 8) (3; 12; 15; 10; 11; 14)
58 (3; 12; 15; 9; 11; 13) (3; 12; 15; 2; 6; 11) (3; 12; 15; 1; 5; 11) (3; 12; 15; 8; 10; 13) (3; 12; 15; 2; 7; 10)
59 (3; 12; 15; 1; 4; 10) (3; 12; 15; 8; 9; 14) (3; 12; 15; 1; 7; 9) (3; 12; 15; 2; 4; 9) (3; 12; 15; 1; 6; 8)
60 (3; 12; 15; 2; 5; 8) (4; 11; 15; 9; 10; 12) (4; 11; 15; 8; 10; 13) (4; 11; 15; 2; 7; 10) (4; 11; 15; 3; 6; 10)
61 (4; 11; 15; 8; 9; 14) (4; 11; 15; 1; 7; 9) (4; 11; 15; 3; 5; 9) (4; 11; 15; 1; 6; 8) (4; 11; 15; 2; 5; 8)
62 (4; 11; 15; 2; 3; 14) (4; 11; 15; 1; 3; 13) (4; 11; 15; 1; 2; 12) (5; 10; 15; 8; 9; 14) (5; 10; 15; 1; 7; 9)
63 (5; 10; 15; 2; 4; 9) (5; 10; 15; 1; 6; 8) (5; 10; 15; 3; 4; 8) (5; 10; 15; 4; 7; 12) (5; 10; 15; 3; 7; 11)
64 (5; 10; 15; 4; 6; 13) (5; 10; 15; 2; 6; 11) (5; 10; 15; 2; 3; 14) (5; 10; 15; 1; 3; 13) (5; 10; 15; 1; 2; 12)
65 (6; 9; 15; 2; 5; 8) (6; 9; 15; 3; 4; 8) (6; 9; 15; 5; 7; 13) (6; 9; 15; 4; 7; 12) (6; 9; 15; 3; 7; 11)
66 (6; 9; 15; 2; 7; 10) (6; 9; 15; 4; 5; 14) (6; 9; 15; 1; 5; 11) (6; 9; 15; 1; 4; 10) (6; 9; 15; 2; 3; 14)
67 (6; 9; 15; 1; 3; 13) (6; 9; 15; 1; 2; 12) (7; 8; 15; 5; 6; 12) (7; 8; 15; 4; 6; 13) (7; 8; 15; 3; 6; 10)
68 (7; 8; 15; 2; 6; 11) (7; 8; 15; 4; 5; 14) (7; 8; 15; 3; 5; 9) (7; 8; 15; 1; 5; 11) (7; 8; 15; 2; 4; 9)
69 (7; 8; 15; 1; 4; 10) (7; 8; 15; 2; 3; 14) (7; 8; 15; 1; 3; 13) (7; 8; 15; 1; 2; 12) (3; 13; 14; 9; 11; 12)
70 (3; 13; 14; 8; 10; 12) (3; 13; 14; 5; 7; 12) (3; 13; 14; 4; 6; 12) (3; 13; 14; 10; 11; 15) (3; 13; 14; 2; 7; 11)
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71 (3; 13; 14; 1; 4; 11) (3; 13; 14; 2; 6; 10) (3; 13; 14; 1; 5; 10) (3; 13; 14; 8; 9; 15) (3; 13; 14; 1; 6; 9)
72 (3; 13; 14; 1; 7; 8) (2; 12; 14; 10; 11; 15) (2; 12; 14; 8; 11; 13) (2; 12; 14; 3; 6; 11) (2; 12; 14; 1; 4; 11)
73 (2; 12; 14; 1; 5; 10) (2; 12; 14; 8; 9; 15) (2; 12; 14; 1; 6; 9) (2; 12; 14; 1; 7; 8) (5; 11; 14; 9; 10; 13)
74 (5; 11; 14; 8; 10; 12) (5; 11; 14; 3; 7; 10) (5; 11; 14; 2; 6; 10) (5; 11; 14; 8; 9; 15) (5; 11; 14; 1; 6; 9)
75 (5; 11; 14; 3; 4; 9) (5; 11; 14; 1; 7; 8) (5; 11; 14; 2; 4; 8) (5; 11; 14; 2; 3; 15) (5; 11; 14; 1; 3; 12)
76 (5; 11; 14; 1; 2; 13) (4; 10; 14; 8; 9; 15) (4; 10; 14; 1; 6; 9) (4; 10; 14; 2; 5; 9) (4; 10; 14; 1; 7; 8)
77 (4; 10; 14; 2; 7; 11) (4; 10; 14; 2; 3; 15) (4; 10; 14; 1; 3; 12) (4; 10; 14; 1; 2; 13) (7; 9; 14; 3; 5; 8)
78 (7; 9; 14; 2; 4; 8) (7; 9; 14; 5; 6; 13) (7; 9; 14; 4; 6; 12) (7; 9; 14; 3; 6; 11) (7; 9; 14; 2; 6; 10)
79 (7; 9; 14; 4; 5; 15) (7; 9; 14; 1; 5; 10) (7; 9; 14; 1; 4; 11) (7; 9; 14; 2; 3; 15) (7; 9; 14; 1; 3; 12)
80 (7; 9; 14; 1; 2; 13) (6; 8; 14; 5; 7; 12) (6; 8; 14; 4; 5; 15) (6; 8; 14; 2; 5; 9) (6; 8; 14; 1; 5; 10)
81 (6; 8; 14; 1; 4; 11) (6; 8; 14; 2; 3; 15) (6; 8; 14; 1; 3; 12) (6; 8; 14; 1; 2; 13) (1; 12; 13; 9; 11; 15)
82 (1; 12; 13; 8; 11; 14) (1; 12; 13; 3; 5; 11) (1; 12; 13; 2; 4; 11) (1; 12; 13; 9; 10; 14) (1; 12; 13; 8; 10; 15)
83 (1; 12; 13; 2; 5; 10) (1; 12; 13; 3; 4; 10) (1; 12; 13; 3; 7; 9) (1; 12; 13; 2; 6; 9) (1; 12; 13; 2; 7; 8)
84 (1; 12; 13; 3; 6; 8) (6; 11; 13; 9; 10; 14) (6; 11; 13; 8; 10; 15) (6; 11; 13; 2; 5; 10) (6; 11; 13; 3; 4; 10)
85 (6; 11; 13; 8; 9; 12) (6; 11; 13; 3; 7; 9) (6; 11; 13; 1; 5; 9) (6; 11; 13; 2; 7; 8) (6; 11; 13; 1; 4; 8)
86 (6; 11; 13; 2; 3; 12) (6; 11; 13; 1; 3; 15) (6; 11; 13; 1; 2; 14) (7; 10; 13; 8; 9; 12) (7; 10; 13; 2; 6; 9)
87 (7; 10; 13; 1; 5; 9) (7; 10; 13; 3; 6; 8) (7; 10; 13; 1; 4; 8) (7; 10; 13; 5; 6; 14) (7; 10; 13; 4; 6; 15)
88 (7; 10; 13; 3; 5; 11) (7; 10; 13; 2; 4; 11) (7; 10; 13; 2; 3; 12) (7; 10; 13; 1; 3; 15) (7; 10; 13; 1; 2; 14)
89 (4; 9; 13; 2; 7; 8) (4; 9; 13; 2; 3; 12) (4; 9; 13; 1; 3; 15) (4; 9; 13; 1; 2; 14) (5; 8; 13; 6; 7; 12)
90 (5; 8; 13; 1; 3; 15) (5; 8; 13; 1; 2; 14) (7; 11; 12; 9; 10; 15) (7; 11; 12; 8; 10; 14) (7; 11; 12; 3; 5; 10)
91 (7; 11; 12; 2; 4; 10) (7; 11; 12; 8; 9; 13) (7; 11; 12; 3; 6; 9) (7; 11; 12; 1; 4; 9) (7; 11; 12; 2; 6; 8)
92 (7; 11; 12; 1; 5; 8) (7; 11; 12; 2; 3; 13) (7; 11; 12; 1; 3; 14) (7; 11; 12; 1; 2; 15) (6; 10; 12; 8; 9; 13)
93 (6; 10; 12; 2; 7; 9) (6; 10; 12; 1; 4; 9) (6; 10; 12; 2; 5; 11) (6; 10; 12; 2; 3; 13) (6; 10; 12; 1; 3; 14)
94 (6; 10; 12; 1; 2; 15) (5; 9; 12; 2; 3; 13) (5; 9; 12; 1; 3; 14) (5; 9; 12; 1; 2; 15) (1; 10; 11; 5; 7; 9)
95 (1; 10; 11; 4; 6; 9) (1; 10; 11; 4; 7; 8) (1; 10; 11; 5; 6; 8) (1; 10; 11; 3; 7; 15) (1; 10; 11; 2; 7; 14)
96 (1; 10; 11; 3; 6; 14) (1; 10; 11; 2; 6; 15) (1; 10; 11; 3; 5; 13) (1; 10; 11; 2; 5; 12) (1; 10; 11; 3; 4; 12)
97 (1; 10; 11; 2; 4; 13) (2; 9; 11; 6; 7; 10) (2; 9; 11; 1; 7; 13) (2; 9; 11; 3; 6; 14) (2; 9; 11; 1; 6; 12)
98 (2; 9; 11; 4; 5; 10) (2; 9; 11; 3; 5; 13) (2; 9; 11; 1; 5; 15) (2; 9; 11; 3; 4; 12) (2; 9; 11; 1; 4; 14)
99 (3; 8; 11; 2; 6; 15) (3; 8; 11; 1; 5; 15) (3; 8; 11; 2; 4; 13) (3; 8; 11; 1; 4; 14) (7; 11; 12; 5; 6; 8)
100 (6; 11; 13; 4; 5; 10) (5; 11; 14; 3; 4; 12) (5; 11; 14; 1; 3; 9) (4; 11; 15; 2; 3; 10) (4; 11; 15; 1; 3; 9)
101 (4; 11; 15; 1; 2; 8) (3; 9; 10; 5; 7; 8) (3; 9; 10; 4; 6; 8) (3; 9; 10; 2; 7; 15) (3; 9; 10; 2; 6; 14)
102 (2; 8; 10; 4; 7; 9) (2; 8; 10; 3; 7; 14) (7; 9; 14; 4; 5; 8) (7; 9; 14; 3; 5; 15) (7; 9; 14; 1; 5; 13)
In the above table, each (a; b; c; d; e; l) means a polynomial d(xaxbxc)d(xdxexl) in
V∗4 , where x1, x2, ..., x15 denote the 15 nontrivial elements in Hom(Z2, (Z2)
4) with
x1 = ρ
∗
1 x2 = ρ
∗
2
x3 = ρ
∗
1 + ρ
∗
2 x4 = ρ
∗
3
x5 = ρ
∗
1 + ρ
∗
3 x6 = ρ
∗
2 + ρ
∗
3
x7 = ρ
∗
1 + ρ
∗
2 + ρ
∗
3 x8 = ρ
∗
4
x9 = ρ
∗
1 + ρ
∗
4 x10 = ρ
∗
2 + ρ
∗
4
x11 = ρ
∗
1 + ρ
∗
2 + ρ
∗
4 x12 = ρ
∗
3 + ρ
∗
4
x13 = ρ
∗
1 + ρ
∗
3 + ρ
∗
4 x14 = ρ
∗
2 + ρ
∗
3 + ρ
∗
4
x15 = ρ
∗
1 + ρ
∗
2 + ρ
∗
3 + ρ
∗
4 {ρ
∗
1, ρ
∗
2, ρ
∗
3, ρ
∗
4} is the standard basis of Hom(Z2, (Z2)
4).
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